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Recap of quantum mechanics Advanced Quantum mechanics

1 Recap of quantum mechanics

1.1 Harmonic oscillator spectrum

Compute the energy spectrum of the harmonic oscillator

P2 mw?x?
H=—+ (1.1)
2m 2
using the ladder operators a, a" with
mw )
a=1\/——|x+1— 1.2
2h ( mw) (1:2)

Solution: At first the Hamiltonian H is expressed as a function of the ladder operators.
Therefore the product a'a is computed:

ata="2(x-iL) (x+1 L]

2n mow mow
2
mwif o p Xp—pXx
=—|x°+ +i
2h m2w? mw )

_mwf 2 p’ h )
- 2h m2w? mo

wh 2 2m 2
=H
B H 1 (1.3)
Cwh 2 '

In the third step the relation for the commutator [x, py] = ih. Therefore the Hamiltonian can
be written as

H:fw)(afa+%). (1.4)

Another important relation is the commutator [a, a'] which can be derived by using (1.3)

[aaT]:aaT—aTa:(£+l)_(£_l):]l 05
, wh 2 wh 2 ' .

The operator N := a'a is a Hermitian operator (because the Hamiltonian is hermitian) and
it therefore has only real eigenvalues. It can be easily checked, that N and H commute be-
cause H x N+ const. This implies that N and H are compatible operators with the same
eigenvectors. Consider an eigenstate |A) of N with eigenvalue 1

NIA =AA) = HIA):(/1+%)M). (1.6)




1.1 Harmonic oscillator spectrum Advanced Quantum mechanics

It can also be shown that A is positive by calculating
(AINIA) = AAA) = A AL = A (1.7)
and comparing it with the definition of N = a'a
(Matalr) = @@l = llalv 2= 0. (1.8)

Furthermore the commutaror [N, a] can be calculated as

[N,a] = [aTa, al = al la,a] + [aT,a] a=-—a. (1.9
=0 (L.5)

1

If the operator N a is applied to the state |A) it follows
NalAd)=(@N+[N,a)|A)y=(@N-a)|l)=A-1alA). (1.10)
It can be shown recursively that
Na*|Ay=A-ka*|1y, keN. (1.11)

For values k > A the eigenvalues of N would become negative which is in conflict with equa-
tion (1.8). Therefore there must be a k € N for which the eigenvalue is zero in order to stop the
following eigenvalues to become negative. This implies that A must be a positive integer

NAY=AI2) = A=neN. (1.12)
The same calculation of (1.11) can be done with a' which leads to
Na™ny=m+ka*ny, keN. (1.13)

Therefore all positive integers n + k € N are eigenvalues of N. Therefore the energy spectrum
of the harmonic oscillator can be written as (1.4)

H|n) = hw In)y, neN. (1.14)

1
n+-
2
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1.2 Angular momentum spectrum

Compute the eigenvalues of the orbital angular momentum L=r x p
e Show|[L;,L;] =ihe;jxLy and [L? L;] = 0.

* Use the operators L+ = Ly +iL, to derive the spectrum (Hint: compute the commuta-
tors with L; and L? and express L? in terms of L, and L,).

Solution: The cross product of r and p can be written using EINSTEINS sum convention as
follows:

Li=¢€;jiXx;jpk- (1.15)
By using [AB, C] = A[B, C] + [A, C] B the commutator [L;, L;] can be expressed as

[Li,Lj] = €iab€jcalXaPb, XcPal
= €iab€ jed(Xalpp, XcPal + [Xa, Xcpal pp)
=€iab€jcd (XaXc [Pp) Pal +Xa Py, Xcl Pa + Xc [Xa, pal Py + [Xa, Xl papp)
=ihe;ap€jca(—XaPabdpc + XcPpd ad)
=ih(—€jab€ jpaXaPa + €iab€ jcaXcPpOad)
= ih(€iap€ japXaPd + €piak jcaXc PO ad)
in((6:6ad—6iab ja)XaPa+ (O jpbic — OpcOij) XcPp)
ih(Xapa—xjpj+Xipj— XePr)
=ih(xipj—xjpi) =ihe;ji L. (1.16)

The expression [L?, L jl =0 can be shown explicitly for one component L. It follows

(L%, L) = [L5 + L5+ L2, L] = (L3, L] + [L5, L]+ [L2, L]
=0
=Ly [Ly, Ll +[Lx, Lzl Ly + Ly [Ly; L.+ [Ly; Ll Ly
—_— —_— —\—
=—ihLy =—ihLy =ihL, =ihL,

This can be shown analogously for L, and L, as well.

Next the commutator of the z-component of the angular momentum operator and the lad-
der operators is computed

Ly, Ll = L(Ly +iLy) — (Ly +iL,)L,
= LzLx i iLzLy - LxLz ? iLyLZ
= [Lg, Ly] £i [Lz;Ly]
N—— ——
=ihLy =—ihLy
= BGLy + Ly) = +h(*iLy + Ly)
= +hL,. (1.18)
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Because of the fact that L? and L, commute they have the same eigenvectors | ¥). The eigen-
value of L, can be written as

L,\m)=hm|m). (1.19)

Now consider the product L, L. applied to an eigenstate |m). Using equation (1.18) this can
be expressed as

L,Ly|m)=([Lz, L]+ LiLy)|m)

UL (LRL, + LiLy) Im)

"D hm+ 1)Ly 1m). (1.20)

This result is compared to L, [m + 1) = h(m + 1) |m + 1) which leads to the conclusion that L.
raises the state |m) to [m+1)

Liim)y=alm+1). (1.21)

However, since L?|m) = (I + L?,) |m) + m?h? |m) there must exist a maximum 7 = Mmax
because m?h? < L? which implies

L. |mmax) =0. (1.22)

The operator L? can be expressed as a combination of L, and L. Lets firstlook at the product
L_L,:

L L, =(Ly—iLy)(Ly+iLy) = L3+ L} +ilLy, L)) = L5 + L}, — hL,
——
=ihL,
=>Ii+L,=L L, +hL,
=>I°=L L, +I2+hL,. (1.23)
The operator L? is now applied to the eigenstate of maximum value M,y
I? [Mmax) = L— Ly [Mimax) +(L§ + hLz) [Mmax)
(S ——
=0
= (Li +hLz) [Mmax) = (mrznaxhz + mmaxhz) | Mimax)
= hzmmax(mmax +1) [Mmax) - (1.24)

The same procedure (equation (1.21) to (1.24)) can be performed analogously for L_ which
leads to a minimum value myi, with L_ |mpyin) = 0 and

I* | Mimin) = hzmmin(mmin = 1) [Mmin? . (1.25)

Because L? and L, commute, the state |Psi) is an eigenfunction of I? and its eigenvalue is
independent of m. Therefore

hzmmax(mmax +1) = h? Mmin (Mmin — 1)
= Mmax = —Mmnin. (1.26)

The number mp,x can be denoted as I. The energy spectrum of the operator of angular
momentum can therefore be written as

L,\lm)y=mh|lm) m=-1,-1+1,...,1-1,1 (1.27)
L?|lm) = R21(L+ 1) |Im). (1.28)
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1.3 Hydrogen atom spectrum

Solve the SCHRODINGER equation for the H-atom’s stationary states. Assume the Hamilto-

nian

p? Ze2 h? Ze?

g P 2¢ _ + 28 (1.29)
2u r Zu r

express the result in terms of the BOHR radius and discuss the degeneracy. Discuss the sym-
metry of the wavefunction in the ground state.

Solution: The stationary SCHRODINGER equation can be written in the following way:

( h? Zez)
——A+—|¥Y(r)=E¥Y(r), (1.30)
2u r

whereas the Laplacian operator can be written in spherical coordinates as follows

_16( a)+ 1 a(mﬁa) 1 0 A.31)
r2or\" or) r?sin9 a9 09)  r2sin?9d¢p? ’
It is assumed that the the solution W (r) can be separated in the following way:

Y (r,9,¢p) = R(r)O0)®(y). (1.32)

Therefore the SCHRODINGER equation can be expressed as

=2 (g, 28
- OR? r

10(,0 1 0 o 1 0 2u Ze?
+ sin)— |+ ———— |¥Y=- E+—|¥

r2or dr r2sind 09 39) " 72sin?o d¢p? I3 r
0 d ( dR)+ RO d (51 19d@) RO d*® _ 2u E+Ze2 ROOG.  (1.33)
r2 dr\ dr) r2sinddd d9) " r2sin?9dg? k2 r ' '

Both sides can be multiplied by r2sin®9/¥(r,9, V):

sin?9 d (rzdR)+smz9 d ( d@) 1 d’® z'urzsn 19(E+ Zeé? )
— | 2= = i —
R dr\ dr e do d9) @ dg? h? r
sin?9 d ( ,dR) sind d de) 2up Zeé? 1 d*®
—|r =1+ nd— |+ = risin® 9| E+ =—|= ——— . 1.34
R dr(r dr) ® da( a0) 2’ sin ( r ) ® dg? (134)
~ ~~ - ——
Function of r,9 Function of ¢

Since the left hand side is only dependent on r, 9 and the right side is only dependent on ¢,
both sides must be equal to a constant, which is denoted as m?, because the equation must
be valid for every (r, 9, ¢). This leads to

-m*= 1do D(¢p) = A-exp(ime) (1.35)
B dg? ¢) = A-explimg). :
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Because ®(¢) = ®(¢ + 27) is periodic

exp(img) = exp(im(¢p +27)) = exp(imgp) exp(im2n) = meZ. (1.36)
—_——

=1

The function ®(¢) can be normalized in the following way

2n
/@(w)q)*ap)d(p:Az-zné 1, (1.37)
0
which leads to the solution
D(¢) ! (img) (1.38)
= ——=eXpi{lm . .
¢ Nor plime

The left hand side of (1.34) can be separated again into two parts, which are only dependent
on r or 9 by dividing by sin? 9

li(r?‘d—R)+2—'ur2(E+Zez)—— ! i(sin1_‘)d—®)+i2 (1.39)
Rdr\ dr) &2 r ) ©sinddd d9) sin?9’ '
Funcggn of r Funcggn of 9

Both sides of the equation are set to a second constant denoted as A. The solution of the right
hand side of equation (1.39) leads in combination with (1.38) to the spherical harmonics:

[T feivra-my .
Yim (9, ) = o\ o (l+m)!Pl (cos ) exp(img) (1.40)

with A =1(l+1) and P;” (x) an associated legendre polynomial

_\m l+m
(-1 (1_x2)m/2 d (xz—l)l. (1.41)

m —
Preo==m, dx*+m

The left hand side of equation (1.39) can be written as

1 R 2 Ze? R
—i(rzd )+ 'U(E+Te)R:l(l+1)ﬁ

r2dr\ dr h2
1d ( ,dR +2u( +Ze2 l(l+1)h2)R 0 (1.42)
—— |+ = - = .
r2dr\ dr h? r 2ur?
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2 Postulates

2.1 Basic operator properties

Show that:

* given two complete orthonormal bases A = {|a)} and B = {|,6>}, the operator U associ-
ated to the change of basis from A to B is unitary, and is expressed as

U=y |5 {a*|; 2.1)
J) (o
e the trace (operator) Tr(X) =Y, (a|X|a) is invariant under change of basis.

Solution: Lets first show that the operator U performs the change of basis:
Ula) = ,Bk akla
>[p) (a1a)
= ,Bk aklc N/
EX | i’

Z;Ck‘ﬁk> =[B)- (2.2)

In order to show that U is a unitary operator we compute the product UU" by using the
orthonormality and completeness of A = {|a)} and B = {| /3)}:

o0 =) () (o) ~E oy
“ERP )]

:6jk

-5l (91

The invariance of the trace operator can be shown by using the completeness of A = {|a)}
and B = {| B)}, where we can write the trace in the following way:

Trx) =Y (a¥1x1a*) =Y (a¥1p7) (B/1XIa*)

k kj

=X (p/1x1a*) (at1p7) = X (p/1x1pT) = Tr0 2.4)
J J

10
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2.2 Schwarz inequality

1. Prove the Schwarz inequality

(alay{BIB) = 1{alB) . (2.5)

Hint: First, observe that {a|+ A* <ﬁ|) (lay+ A |ﬁ>) > 0 holds for any complex num-
ber A; then choose A in such a way that the above inequality reduces to the Schwarz
inequality.

2. Show that the equality sign in the generalized uncertainty relation ((AA)*)((AB)?) =
TI<[A, B) |* holds if the state in question satisfies

AAla) = AABla) (2.6)
with A purely imaginary.
3. Explicit calculations using the usual rules of wave mechanics show that the wave func-

tion for a Gaussian wave packet given by

(x'|a) = @nd*)*exp 2.7)

i(p)x (= (x)?
h 4d?

satisfies the minimum uncertainty relation

((Ax)?)\/{(Ap)?) = 72. (2.8)
2

Prove that the requirement (x'|Ax|a) = A{x'|Ap|a), where A is an imaginary number,
is indeed satisfied for such a Gaussian wave packet, in agreement with Part 2.

1. Solution: First we rewrite the relation given in the hint:

0= (al+A* (B])-(a)+A|B))
= (ala) + AP {BIB) + A* (Bla) + A{alB). 2.9)
In order to arrive at the Schwarz inequality we need the product | (al ,6) |2. Therefore we aim

for a A which delivers this term when squared. Since the inequality to prove consists of only
two terms we need to ensure that some terms cancel out. This can be achived by choosing

_éﬁ:gi (2.10)
This leads to the following result when A is substituted into (2.9)
wlay LBOE o (B (Bla)
0= (ala) + MMﬂWKMﬁ <ﬁ|ﬁ><ﬁ|> <ﬁ|ﬁ><lﬁ>
el + (B B [(Bla)
ABIB)  ABIB)  (BIB)
|<'B| )" => (ala > a)l?
(ﬁlﬁ) ={ala) (ala)(BIB) =1{Bla)| (2.11)

11
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2. Solution: The assumption that A is purely imaginary means that A = —1*. The devia-
tion A A ist given by

AA=A- (A) , AB=B- (B) . (2.12)
~—~— ——
(a]Ala) (a|Bla)

Then we first evaluate the right hand side of the equation. The commutator [A A, AB] can be
written as

[AA,AB] =[A—-(A),B—(B)] =[A,B—(B)] - [{A),B—(B)]
=0
=[A,B] - [A,(B)]. (2.13)
=0
We used the fact, that the commutator with a scalar ({A), (B)) is zero. Now we can write the
right hand side in the following way:

([A,B]) ={a|[A,Blla) = (d| AAAB — ABAA|a) (2.14)
= (a|A*(AB)* - A(AB)*|a)
= -21{((AB)?%)
1
3ZMM£DF=MHMmm%F=—MMmm6F (2.15)

The left hand side can be evaluated as
((AA*)((AB)*) = —A%[{((AB)*) %, (2.16)

which is indeed equal to the left hand side.

3. Solution: In order to prove the requirement we calculate both sides of the equation
and find an imaginary A. We start the left hand side

(dIAX]a) ={(X1X = (X)|a) = x"{x|a) — (x) (xX'|a)
= (x"— () (x'|a). 2.17)

For the calculation of the right side we use the momentum operator in position space can be
expressed as p = —ih0x’

(«'|AP|a) = —1h <x la)—(p){x'la)

_,_4
" 1(7?) 3 (x’2—d<2x>)) o) = [<P>+ﬁ(x | (1)
(x'|APla) = 2d2 (x =N {x|a). (2.18)
This leads to the following result:
(' |AP|a> (x IAX|a), with A = % (2.19)

12
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2.3 Spin 1/2 operators and commutators

1. Write down the 2 x 2 matrix representation of S; in the basis that diagonalizes S;.
2. Verify all the commutators between each pair of S;, S2

3. Defining the ladder operator as S. = Sy 1Sy, show that they are not hermitian, write
down their representation in the S, basis and determine their action upon the eigen-
vectors of S,.

Solution:  The matrix representation of S, can be determined using the following for-
mula:
h h(1 0
A=Y dla)(d]= =1+ *H -1 (D=3 (O _1). (2.20)
al

The basis vectors |Sy; +) and |S v i) can be written in the following way:1

1

Sy+)=—(+) £ |- 2.21

| ) \/§(| =) (2.21)
1 .

|Sy;i>=$(|+)i1|—)). (2.22)

Using equation (2.20) we can write Sy and S, as

f h
S5 = 5 S5+ (Si H = 1S5 =) (S =) “Z7 Z0=) (1414 ¢ (2.23)
h "
Sy =5 Sy +)(Syi+[ =Sy =) (Syi=D = 13(|—> CH = 14) =D (2.24)

Therefore the matrix representation of both operators are as follows:

h(o 1 h(0 —i
Sx‘E(l o)’ sy_g(i 0). (2.25)

The commutators between the S; and S? can be verified by noting that [S;, S jl = 1h€;jxSk.
Then the commutation relations can be shown analogously to (1.17)

[S%,82) = [S5+ S5 + 52,8 = [S7,S2] + (S5, S21 + (S5, S
=0

=8x[Sx, Szl +[Sx, Sz1 S« + Sy [Sy; Szl + [Sy; Szl Sy
——

. , ——
=—ihSy =—ihSy =ihSy =ihSy

Alternatively you can compute S?

3R2 (1 0
2 _ Q2 2 2 _
S —Sx+Sy+Sz—7(0 1). (2.27)

1Sakurai: Modern Quantum mechanics, p.26

13



2.4 Beam of Spin 1/2 atoms Advanced Quantum mechanics

It can be seen, that S? is proportional to the identity matrix, which commutes with every
matrix. Therefore the commutators must be zero.

In order to show that the ladder operators are not hermitian, we first show, that S, and S, are
hermitian, which can be immediately seen by computing the hermitian conjugate of (2.25)

h(o 1 h(0 —i
T — T _
sx_—( ) Sy‘_(i 0). (2.28)

Then we can write the hermitian conjugate of S, as

SL = (Sc+iS))T = ST +(iS))" = S, FiS) # Ss. (2.29)
The representation of the ladder operators in the S, basis can be derived by using (2.23)
and (2.24)

h
SxxiSy = 5[(|_> (FH A+ 1) (=D £E2(=) (FH = ) (=] (2.30)

Therefore the ladder operators result in
Sy =hl+) (-, S_=h|-){+]. (2.31)
Their action on the eigenvectors |+) and |—) of the z-component of the spin are therefore

Sil=y=hlt){=I=)=hl+),  Sil+)=hl+){(=|+) =1|0) (2.32)
S-1+) =RhI=)+l+) =hl=),  S-I=) =hl|=){(+|-) =N|0). (2.33)

The S; operator raises the |—) state to |+), whereas the S_ operator does the opposite. Low-
ering the |—) state and rising the |+) state leads to a nullket.

2.4 Beam of Spin 1/2 atoms

A beam of spin % atoms goes through a series of Stern-Gerlach-type measurements as fol-
lows

1. The first measurement accepts s; = h/2 atoms and rejects s, = —h/2 atoms.

2. The second measurement accepts s,, = h/2 atoms and rejects s,, = —h/2 atoms, where
sp is the eigenvalue of the operator S- i, with it making an angle f§ in the xz-plane with
respect to the z-axis.

3. The third measurement accepts s, = —h/2 atoms and rejects s, = h/2 atoms.

What is the intensity of the final s, = —h/2 beam when the s, = h/2 beam surviving the first
measurement is normalized to unity? How must we orient the second measuring apparaturs
if we are to maximize the intensity of the final s, = —h/2 beam?

14



2.4 Beam of Spin 1/2 atoms Advanced Quantum mechanics

Solution: The rotation of the S, apparatus can be interpreted as a rotation matrix S,, given

as

. S sin 8

h X

Sy = > (Zﬁf'g _s;r;fﬁ) ands-a=|S,|-| 0 |[. (2.34)

Sz) \cosp

The eigenvectors of S, can be computed as
_1{cosp+1 _1(1-cosp

|n+)—2( sin ), |n >_2(—sin,6)' (2.35)

Therefore the representation of the outcoming |n+) state in the S; basis is
1 .
|n+) = £(1+cosﬁ|+)+smﬁ|—)). (2.36)

The resulting intensity of the beam for a normalized |n+) state after the last measurement
with the S, apparatus can be written as

(~In+) = isin2 8. 2.37)

It can be seen that the maximum intensity occurs at § = /2 which is an apparatus in x-
direction.

The solution can be also obtained by combining all three measurements into a single appa-
ratus. The initial state is

1So) = al+) +b|=). (2.38)
The final state can then be written in the following way:

|Sfinal) = 1= (=17+) (n+ | +) (+1So)
= P =||Sina) | = [{(=In+) I [(n+[4) 1| (+1S0)
sinz‘(,ﬂ/ 2) sinzzﬁ/ 2)

2
= sin? (g) cos® (é) a’ = az sin® B. (2.39)

2

Since the state after the first measurement ist normalized, the factor a must be equal to one.
Then (2.39) and (2.37) coincide.
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Dynamics Advanced Quantum mechanics

3 Dynamics

3.1 Free particle evolution

Consider a particle in a generic potential V (x).

a) Prove the commutator relations

[x1, [pi,G)] = _ihaixiG(x)’ 3.1

opi

where F, G are generic functions of the operators p and x respectively.

2
b) Show that for the Hamiltonian H = Zp—m + V(x) one obtains the equation
d? -
M (== (V) (3.2)
i.e. expectation values follow the classical equation of motion with no h appearing
(Ehrenfest theorem).
¢) Specify the previous point to the free particle (V = 0) and prove the uncertainty relation

h2 12

FPE (3.3)

((ax)?) ((Bx)?) o2

d) Calculate the diffusion of the Gaussian wave packet using the propagator

K(x,t,x9,t) = Lex (iﬂ(x_x())z) (3.4)
b= =1 S P\ 2 -1 '

and the wave function representation.

a.) Solution: The commutation relations can be proven by applying the commutator to a
generic state |'¥) and multiplying with (x| to work in position space:

(xI[pi;, G@)IWY) = (x|p;Gx)|¥) - (xIG(x)pil‘P>

hoo hoo
= —— (G Y ) - G~ =—¥(x)

iox; 6
zz\P(x)—G(x)+G(x = (x )—M
1 axi
.. 0 .0
=—-ih—Gx)¥Y(x) = <x| —1h—G(x)|‘lJ>. (3.5)
ax,- Gxi

The same procedure can be performed for the other commutator, but we evaluate it in mo-
mentum space by using that x; =ihdp;

{pllxi, Fp)II¥) = (plx; F(p)|¥) — (p|F(p)x;|¥)

0 .0
—lha—m(F(p)‘I’(p)) F(p)lha—pi‘l’(p)

= ih=" F ()W (p) = <
~op, PP

> , (3.6)
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3.1 Free particle evolution Advanced Quantum mechanics

b.) Solution: We can solve this task using the Heisenberg Picture of time evolution. For a
time dependent operator (which is not explicitly time dependent) we can write

Wi Liag (3.7)
dr in T '
In order to derive the Ehrenfest theorem we need to evaluate the second time derivative of
the position x. For the first derivative we get

e tem=tle? v
dt™ in " ik 2m
1[ p*] 11 )
7|7 3| = e
By 1 o o p
= __V =L, 3.8
S-v(p')=— (3.8)
Then we can write the second derivative as
d? 1d 1 . H]
—_— = —— = — ,
dr? mdtp ihm P
1 1 o
=—[p, V)] —(—iAVV ()
ihm ihm
d? N
= mﬁx =-VV(x). 3.9

The Ehrenfest theorem follows directly by applying the expectation value of a generic state
to both sides of the equation

2

d .
m—— (x) = —<VV(x)>. (3.10)

c.) Solution: We can write the uncertainty relation in the following way:

1
((Ax)*) ((Ax)*), o = 7! (i (0, % (0)) 2. (3.11)

We can use (3.8) to find a relation between x;(¢) and x;(0):

%t = xi + 219 (3.12)
m

Then we can write the commutator [x; (%), x; (0)] as

[x; (), x;(0)] = [ x;(0) + pi(0 l‘,xi(O)] - [pi(O) f’xi(O)] = _ihi' (3.13)
m m
Now we can substitute (3.13) into (3.11)
1| . t|> R*e?

((Ax)*) {(Ax)?),_, = Z _lhE = (3.14)

17



3.2 SHO evolution Advanced Quantum mechanics

d.) Solution: The initial Gaussian wave packet can be expressed as

2

1 .PoXx x 315
Wexp(l 5 )exp YL (3.15)

Now we can use the equation given in the lecture, to use the propagator in order to compute
the state W (x, 1)

\I](xr tO) =

[e.@]

Y(x,t) = / dx'K(x, t,x,00¥(x',0)
—00
1 m 7dx’e (i m(x—x’)z)e (ipox’)e ( x’2)
= xp|—-— X xXp | —
g2 \ 27t Pln2 ¢ P\ P 7202
m 1 im ipo im im
S S — _(___) 2 (___ ) rpdm o2l 316
Zn\/ﬁdiht/ e B Ry R e e (316)
—o0 b ~ 4 ~ ~ / ~—
=a =b =c

Now we can compute this Gaussian integral by using the following relation

i Ji bV B B2
/dxexp(—ax2+bx+c):/dxexp(—a(x—g) +E+C):\/§e){p(a+c)'

e [ [T (I (L) im
P\ anymdine, | 1 im CP () (m a2 he) T2m
2d? 2ht
? iht B —(x—po t/im)? [ipo ( pot)]
: M a o _ Pol 3.17
‘/’_T(dm+ ) P s@2arintgman | TP h T 2m (8-17)

3.2 SHO evolution

» Sketch the time evolution of the Simple Harmonic Oscillator in the Schrédinger for-
mulation

* Do the same as above, but now in the Heisenberg formulation.

* Hence verify Ehrenfest’s theorem and the equivalence of the Schrédinger and Heisen-
berg pictures.

e Finally calculate the propagator

xz,T

K(x2,T,x1,0) = /[@x] eXp(

x1,0

iS[x(t)]) (3.18)

for a SHO oscillating with frequency w.

18



3.2 SHO evolution Advanced Quantum mechanics

Solution: The Hamiltonian of the 1D Harmonic Oscillator can be written as
P
2m

m 5, 1
H= +wa or H:th+5. (3.19)

We can write a generic state |¥V) as |V) =} ,,¢,(0)|n) as a superposition of eigenstates |n)
with eigenvalue 7. In the Schrédinger picture the time evoluted state can be written as

W, £y = U|¥) = exp (—i%) PO

= ch(O) exp(—ia)(n+ %) t) |n). (3.20)
n

(. J
-~

cn(1)

We can use the Heisenberg picture to analyze the time evolution of the position and momen-
tum operator. We can aquire the equation of motion via relation (3.7)

de _ 1o m=L1 1—— (3.21)
ar _in h2 vP '

We can then write the second derivative as

@_id_P_L[ H = ‘“2[ x]—“’_z( hai)——wzx (3.22)
iz mar _ihm 7 T om'P ol " ox ) T ' ’

The general solution of this differential equation are the sine and cosine function
x(t) = Cicos(wt) + Crsin(wt). (3.23)

We can determine the integration constants by demanding

x(t=0)=x(0) p(=0)=0, (3.24)
which leads to C; = x(0) and
. =0 p(0)
p(t) =—wmsin(wt)x(0) + mwCrcos(wt) = Cr= %, (3.25)
which results in
p0) .
x(t) = x(0)cos(wt) + ——sin(wt). (3.26)
mw

We can now easily verify the Ehrenfest theorem, because we already have the second deriva-
tive in equation (3.22)

2

mL (= <§V(x)>

dr2
d? - 0
mﬁx = —mw? , —VV(x)= —a%wzxz = —mwzx, (3.27)

which shows that lhs and rhs are indeed equal.
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3.3 Coherent states (BONUS) Advanced Quantum mechanics

Remark: We can show that both pictures of time evolution are the same by computing the
expectation value of the operators. First we confirm that the operators are the same at t =0

xp(0) =x5(0)=xp and pp(0) = ps(0) = po. (3.28)

The time evoluted operator xy () can be expressed as

JHt Ht
xp(t) =exp (1?)% exp (—1?). (3.29)

The expectation value is as follows

(xp (D) = <\1f|U*st|\If> = (U, t1x, W, £) = (X, (3.30)

3.3 Coherent states (BONUS)

A coherent state of a one-dimensional simple harmonic oscillator is defined to be an eigen-
state of the non-Hermitian (i.e. a # a') annihilation operator a:

aldy =1IA), (3.31)

where A, because of the non Hermiticity of a, is a complex number. Coherent states are
specific linear combinations of harmonic oscillator eigenfunctions that produce Gaussian
wave packets that do not spread in time. Moreover, if the uncertainties in position and time
are equal, then the resulting wave packet would be as close a representation of a classical
particle as could be obtained within the bounds of the uncertainty principle.

a) Prove that the following state is normalised:

2
1) = exp (—%) exp(ﬂta*) 10). (3.32)

b) Show that such a state satisfies the minimum uncertainty relation

h
AxAp = > (3.33)
c) Write|A) as
A=) f(n)In). (3.34)
n=0

Show that the distribution of | f (n)|? with respect to n if of the Poisson form P, (i) =
e Hu"/nl. Find the most probable value of n, and hence of E.

d) Show that a coherent state can also be obtained by applying the translation (finite dis-
placement) operator exp(—ipl/h) (where p is the momentum operator and [ is the
displacement distance) to the ground state |0).
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3.3 Coherent states (BONUS) Advanced Quantum mechanics

a.) Solution: We can show the normalization by multiplying the bra (1] and use the Taylor
series expansion of the exponential function and (a')”|0) = v/n!|n) to prove that the coher-
ent state can be expressed as a superposition of the eigenvectors of the harmonic oscillator

(A = exp(~IA1?) <0| exp(1”a) exp(/laT)IO>

AHm AT
:exp(—l)tl ) Z Z <0|( ) ;(aT)n|0>

m=0n=0

=exp( I)ll n;io;aio; (}Lm)'m <0|am\/a|n>

= exp(—IA%) n;i;o:o%’; Mm)!m <0| \/%\/ﬁm— m>

= exp(~IAI°) n;iofo% M,;)!m (,f = (Oln—m)

= exp(~|A1%) i) AT _ exp(~IA%) exp(I1A%) = 1. (3.35)
=

b.) Solution: To find an expression for the uncertainty relation we write the position and
momentum operators in terms of @ and a'

" . [hmw "
X = (a+a') p=-i (a—a'). (3.36)
2mw 2
At first we compute some helpful relations
<A|aiaT|A> :e_WzKOIe’V“ |0> <0|e’l aqterd |o>]
A ()"
— e—|A|2 ,;/l ( rn)' (n)' <O|am+1(a1‘) |0> <0|am(af)n+1|0>]
m m' n!
_ —|7L|2 (/l )m (/1)” < _ >
e nzn% Tl T 1)'In (m+1)
+ <0|&In+ 1 —m>]
\ Vin+1-m)!
_ —|7L|2 (A*)mam+l (/1 )n+l/1n
-° (; Y
=1+ A% (3.37)
Similarly we can show that
(M(@?IN) = A2 </1|(a*)2m> = (1%)? (3.38)
<A|a*am> A1 </l|aaT|/l> - </1|1 + aTaM> —1+A%A. (3.39)
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3.3 Coherent states (BONUS) Advanced Quantum mechanics

Now we can compute (Ax) and (Ap) via
(AA) = {A%) —(A)?. (3.40)
We can use (3.38) and (3.39) for that

h
(x) =(Alx|A) = \/ —(A+1Y)
2mauw

h h
()= ——(Aa*+ (@ +a'a+aa’y = ——A2+ AP+ A"A+ A+ A" D). (3.41)
2muw 2mw
This leads to the following result
h h
(Ax)* = —— A2+ (A +24" A+ 1= (A" + D)*] = ——. (3.42)
2mw 2mw

For the momentum we get similar results

(p) = (Alpld) = iy | 22 - 4%

hm h
_ 2 T " 1122 ¥\2 4k *
(p?) = <)L|a +(@h?-a'a-aa'in)= S P+ () - A - AL (3.43)
This leads to
h h
(Ap)? = ﬂ 2 b (A2 = A A=A+ A ) - (A" = 1) ]—% (3.44)
From (3.42) and (3.44) we 1mmediately get the correct result
Ax)?(Ap) = ihm—“’ = (Ax)(ap) =3 h (3.45)
Pl = ome 2 P ’
c.) Solution: First we compute |A) by performing the Taylor series expansion
) = e""z’zexp(“”) 10)
[e @) A{T’l
e IAIP12 Z (aT) 0) = e~ 1A2/2 y ﬁmlm_ (3.46)
n=0 "t
This leads to the coefficients f(n)
An
() =e W22 (3.47)
d vl
Now we compute the distribution | f(n) |2 with respect to n
2 2n n
P,=1fm)I* = e"“2¥ = e‘““—', (3.48)
n! n!

with g = |A2|. The most probable value of n can be found by maximising P,, with respect to
n. For that we look for the case when P,, > P,,_;
P, eHu" (n-1! u

= =—>1. (3.49)
Pn_1 n! e Hurl p

This leads to the relation |A1|> > n. Therefore the most probable value of 7 is the largest
integer nmax less than |A|%2 with the energy (Nmax + 1/2)hw.

22



3.3 Coherent states (BONUS) Advanced Quantum mechanics

d.) Solution: We can use equation (3.36) to express the momentum operators with the
ladder operators which leads to

exp (—i%l)m) — exp ,/%l(a*—a) 10). (3.50)

¢

Now we use the Baker-Campbell-Hausdorff formula to rewrite the exponential

A B
exp(A+ B) = exp(A) exp(B) exp (—[2—]) . (3.51)
This leads to
.1 T,
exp (—1%) |0> = efaTe—fa exp (f M) |0>
2
=—1/2
o0 _ n
= e ¢/2¢td Y =4 a" |0)
n= —0,n£0
— e ¢/2¢84" ). (3.52)

We can see that because ¢ is a real number, that this result is equivalent to the coherent
state (3.32) given in a.) by choosing A =¢.
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4 Electromagnetic fields and Gauge transformations

4.1 Gauge Transformation

Consider a particle in an EM field E, B.

» Write down how the vector potentials A, ¢ change under a gauge transformation.

e Using the above transformations, show what happens to the Lagrangian L(x, x). Com-

ment therefore, on the effect this has on the classical equations of motion.

 Examine now, what happens to QM expectation values (x),(p), where p is the canon-

ical momentum. Is ( p) gauge independent? What about (IT) = (p — £ A)?

* Show that the probability density p(t, x) and the probability current density j are gauge

invariant, but the phase factor S in the wave function is not.

Solution: For a general gauge transformation the potentials A and ¢ change like

A— A+VA
b—¢ 1 0
cot A
These transformations leave the electric E and magnetic B field invariant
10 10
E=-Vp--—A=-V(p--=—N)—--—[A+VA
v cot @ Ot N cot ( )

B=VxA=VxA+VxVA.
=0

The Lagrangian of the electromagnetic field can be written as

. 1 ., e .
f(x,x):amx +-A-x—ed
c
10

1
= Smi +§(A+VA) i e((p——aA)

1 ., e . [ e
=—-mx +—A-x—egb+—VA‘x+——A.
2 c c cor

N

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

e dA
cdr
We can retrieve the classical equations of motion by applying the Euler-Lagrange equations
0L doz
ox; drox;
The two parts lead to
0% e 0 dA
=- —<P + - —( A)+———
0x; 0x; cox; dt
do¥ edA . e 6 dA

— —+ :
drox; cdr T Cox, dr

(4.6)
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4.1 Gauge Transformation Advanced Quantum mechanics

We can see that both red terms that were caused by the gauge will cancel out in the equation
of motion. In the vector representation the equations of motion are

- e~ edA
¥=-eVp+-V(Ax) — ——
mi=-eve c (4%) c dt

N N A S
= —eVp+ V- S22 _CW. ax
C c Ot

o}
)

A - .
( Vo ——) +2(Viai) - (V- i)
c
=eE+ —(x x B). 4.7)
c
We can verify the last step by showing
ixB=xxVxA=V(&-A) - (k- V)A. (4.8)

We can conclude, that the equations of motion do not change, because the gauge does not
change the relevant quantities E and B.

Now we want to examine, what happens to the QM expectation values. For that we use the
relation shown in the lecture, that the operators transform in the following way:

ot . _ . € .
x—U'xU, with U =exp (i hcA(x’ f)| wunitary. (4.9)

We can now compute the expectation value of the transformed x operator by using the com-
mutator [x, U] = 0, because U is only dependent on space and time

(alx|a) — (alU xUla) = (a|UTUx|a) = (alx|a). (4.10)

This shows, that x is actually gauge invariant. For the momentum p we use the commutator
relation (3.1) and the gradient of the unitary operator VU =ie/(hc)VA which results in

(alpla) — (a|UpU|a) = (a|UT (=ikVU + Up)|a) = (a|-ihU'VU + p|a)
=<P>—iﬁ;—ec <§A>= <a|p|a>+§<a|§A|a>. 4.11)

We can see that the momentum p is not gauge invariant. However, the kinematical momen-
tum I1= p — £ Ais gauge invariant:

alMla) — (U (p- E(A+§A))U|a> = (Ut pUIa) - g (@U'A+VNUl).  (4.12)
Now we use the property that A(x, t) and A(x, ) commute with U(x, f). Then we get
(@lUMUlay = (p) + EW— §(<A> +§§4(§)
— (alp— SAIa). 4.13)

Under the gauge transformations the function ¥ undergoes some changes too. For that we
consider the time dependent Schrodinger equation

ovY 1 . e \2
1716—[ 2m(—th——A) v+ edy
oY 1
= ihs = 2m( 1hV——A——VA) W+ Gy - q w (4.14)
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4.1 Gauge Transformation Advanced Quantum mechanics

We can see that for the choice

W' = expliA(x, D)y, A= %A, (4.15)

the Schrodinger equation (4.14) remains unchanged. We can use this finding to test the be-
haviour of the probability density p and probability current j. The invariance of p can be
found by using p = yy* — exp(id(x, 1))y exp(—id(x, D)y* =yy* =p.

We can investigate the probability current j by considering the continuity equation for a free
spin-0 particle in an electromagnetic field:

-_L * _ *y 2
j= 2m[(t/f py —ypy*)-2qAly|°]. (4.16)

When the gauge transformation is applied, this leads to

1 . . . ) -
_ L in o« e i R Y B (E S 2
=5 v py+ety w;V(e )—u/pu/ —-e Tyy TV(e )—2e(A+VA)|w| ]
L] . ir, 2l el o ity 2l el S 2]
- i VN - PTAGA—2e(A+ VA
o |¥ PV eVl vpy —e lylts— e(A+VA)|y|
1 - .
= (v pw-ypy’ +2|w|2eVA—2e(A+VA)|1//|2]
1 * *
= 5=V Py —ypy” —2eAlyl]. (4.17)
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4.2 Landaulevels Advanced Quantum mechanics

4.2 Landau levels

e Solve the Landau level problem in Landau gauge, find the energies and eigenfunctions.

* Is the wavefunction gauge independent? Is there degeneracy? Discuss.

Solution: We are starting from the expression of L(x,x) from the previous question and
derive the expression of the Hamiltonian H(p, x)

H(p,x)= a;%x ZL(x,x). (4.18)

The canonical momentum can be computed as

0L _ hi+la (4.19)
= —="mx —A, .
p ox c

which leads to the Hamiltonian
H(p,x)=mi + S ai— 252 - S Akt e
p¥= c 2 c
= mx2 +ed
2
_ 1 ( eA)2+e¢ (4.20)
“omPT¢ ’ '

Now we show that H(p, x) respond to the gauge transformation by

, 10A
H'(p,x)=H(p,x)— TS (4.21)

where A = A(qg, ) is the gauge transformation function. For that we use (4.4) and computed
the new canonical momentum

0% e e
P=——= mx+—A+—VA, (4.22)
0x c c
which leads to the Hamiltonian

H'(p,x)=px—- L (x,x)

= mi? ;Aé+£§4( ( mi +;/A/x ec/)+;y/A/+——A)

+ H(p,x) eoA (4.23)
:—mx ep———=H(p,x)——— .
2 ¢ c Ot cor

For a purely magnetic field the equations of motion will be

mx = ex x B. (4.24)
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4.2 Landaulevels Advanced Quantum mechanics

We can see that the acceleration is perpendicular to the velocity which leads to a circular
motion. We can work out the commutation relation of the kinematical momentum IT as

e e
[Ha, p) = [Pa— = Aa pp— — Ap]
c C
e e . .
= —E([Pa,Ab] —[Aa, ppD) = _E(_lhaaAb +1h0p Aq)
e
= lh_gachc. (4.25)
C

Now we specialise to a geometry B = Bz. Therefore the Hamiltonian will be H = ﬁ (H?C +H§,).
Now we try to express the Hamiltonian in terms of

c .
e =\ /5 (M £l1)). (4.26)
Analagously to the SHO we find the Hamiltonian by identifying a’ = H_. Hence

eB 1
H= h(—) (I'I_H+ + —). (4.27)
mc 2

As a further specialisation we choose the Landauian Gaugewith A = xBe,,.. The Hamiltonian
can the be written as

H—I(H2+H2)— !
T2 Y om

pi+(py- ng)Z]- (4.28)

We see that the Hamiltonian is not dependent on y. Therefore y is a cyclic coordinate. This
motivates a separation like

w(x,y) =e* f(x). (4.29)

So now if we want to solve for the eigenspectrum we use the time independent Schrédinger
equation

HU’(X,J/) :Ew
1 2 e 2 3
om px+(hk—sz) f(x)=Ef(x)
2 2 2
Px m(eB _ﬂ) _
2m " 2 (mc) (x o5 ) |/W=EI. (4.30)

We now see that the last expression is a SHO with a frequency given by wg = eB/mc and a
centre at x = ‘f—;. The eigenvalues are well known and given by

1
E,= th(n+ >

. (4.31)
The eigenspectrum on the other hand looks like

1(x—ki2\? h
- , with I =1/ —. 4.32
2( Is ) withls =1/ 2p (4.32)

We see that the eigenspectrum contains both k and n, whereas the eigenvalues only depend
on n. Hence there is an infinite degeneracy at a particular energy level.

Win ~ €%V H, (x - kI%)exp
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4.3 Landau levels in a finite box Advanced Quantum mechanics

4.3 Landau levels in a finite box

Let us consider an experiment in which electrons on a rectangular plane with surface S =
LyL, are immersed in a magnetic field directed along the z axis B = Bz. In this case transla-
tional invariance is broken and the Landau levels are resolved into a cluster of levels. How-
ever, for sufficiently intense B the cluster can be approximated by a degenerate level with a
certain multiplicity /.

a) Apply a semi-classical argument to show that A = %.

b) Give an interpretation to the quantity h/eB.

¢) Looking at the results above, why is a large B required to see this effect?

a.) Solution: Since the energy levels only depend on the quantum number 7 and not
on k, degeneracy is given by the number of states with different k for a fixed n inside the
finite box. Thus, to calculate the total number of levels in S, wen need to restrictions on
the wavenumbers ky, k), in both directions. The choice of the Landauian gauge A = xBey, is
invariant in the y-direction but not in the x-direction. This implies that the corresponding
wavefunction has the same properties of invariance.

Given the symmetry properties of the wave function (4.32) we can find k, exactly as for a
particle in a box. We find that k, = k = 274"/ L, with an integer 4. Thus, A4 = kL, /2. We
see in equation (4.32), that the wavefunction is exponentially localised around the central
position x = k%. Now we can use the restriction0 < x <L, tofind0 < k < Lx/llzg. With that
we can calculate A

Ly Lily s

= = = . 4.33
2r 2ml3  hleB 433
b.) Solution: The quantity h/eB has units of area
) _Js _ o, (4.34)
[e](B] cBs

We can call the square root of this quantity the magnetic length. Actually the magnetic length
is defined as I with h instead of h. However, this quantity characterises the length scales
which govern any quantum pheonomena in a magnetic field. For an electro in a magnetic
field of 1T, we get Iz ~2,5-10 8 m.

c.) Solution We found that the degeneracy ./ is proportional to B. Thus, for bigger fields
the degeneracy is higher and more electrons can fit into each finite Landau level.
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4.4 Interference Experiment Advanced Quantum mechanics

4.4 Interference Experiment

Consider the neutron interferometer below, where a nearly monoenergetic beam of thermal
neutrons with momentum p = h/A is split into two parts-path A and B (see Figure). Path A
always goes through a magnetic field-free region, in contrast path B enters a small region of
length | where a magnetic field B is present.

>

Interference region

path B

N

e Write the time evolution of the initial state |a) from the source to the interference point
via the path A. Use the time evolution operator U(t).

* Repeat the computation for the particle moving along path B. Observe that the neu-
trons moving along path B present a phase shift with respect to those going through
A. What is the expression of this phase difference and how is it related to the time T
spent by the particles in the B # 0 region?

» Using the properties of the Pauli matrices, prove that

(4.35)

+ikt 0
0 e?ikt

exp(+ikto;) = cos(kt) +isin(kt)o, = (e

and apply it to the phase shift computed above.

* The finale state ket 8 at the interference region is given by the combination of kets
which wen through the two different paths. Calculate the norm of this state and de-
duce the maxima in the counting rates from it.

e Prove that the increment in the magnetic field that separates two successive maxima
in the counting rates is given by

3 4mhc
egpAl’

(4.36)
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4.5 Classical particle in a magnetic field (Bonus)

Consider a particle of mass m and charge e moving in a constant magnetic field B = Bz.
Assume that the vector potential has the form A = B/2(-y, x,0).

a) Prove that P; = p, — %y, Py =py+ %x and P3; = p, are constants of motion.

b) Calculate the infinitesimal generators of translation G4(x, p) = a- (p — ¢x x B) for the

translation (x, p) — (x+a, p+ §§A(x, a)) in the gauge A(x+a) — A(x) = %A(x, a) where
both correspond to the same B.
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5 Angular momentum

5.1 Rotation matrices

Consider the usual rotation matrices in R3, namely Z(%,a), Z(3,a), Z(2,a), where X, , Z are
the rotational axes and «a is the angle of rotation. Prove the equation

Rz, )R(F,a) - R(F, Q)R (%, ) = R(2,a%) -1 (5.1)

in the limit in which a is small. 1 is the identity matrix.

Solution: The Rotation matrices % (%, a) = %; in R? are given by

1 0 0 cosa 0 sina cosa -sina O
Rz =|0 cosa —sina|, Xy= 0 1 0 |, Zs;=|sina cosa O0].
0 sina cosa —sinae 0 cosa 0 0 1

For small @ we can approxiamte the sine and cosine by their first two orders of the Taylor
series expansion, which leads to

L o 0 1-2 0« 1-C  _a 0
Zs=|0 1= -a | =] 0 1 0 | %= q 1-2 ol
0 a 1-% —a 0 1-% 0 0 1

Now we can calculate Z (X, ®)Z(y, @) and Z(J, ®)Z (X, @) by neglecting all terms of a with
higher order than two

1—“72 0 a 1—%2 a? a
@fc@y = az 1- %2 -a | e%jze%fc = 0 1- %2 -a |- (5.2)

Now if we subtract both results in (5.2) we get

0 -a* 0 1 -a* 0
R:R;—-RyRz=[a®* 0 O0f|=|a®* 1 o0|-1. (5.3)
0 0 0 0 0 1

We can now compute % ;(a?) again by ignoring higher order terms

-2 ¢ 0] (1 -a® 0
R:@®)=| g2 1_%4 ol=[a® 1 of. (5.4)
0 0 1 0 0 1

We can compare that result to verify equation (5.1).
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5.2 Pauli matrices

Pauli matrices 0 y,0,0, are very important in Quantum Mechanics, containing the alge-
braic properties of spin operators Sy,y,. = h/20,y,.. After writing down the expressions of
Pauli matrices in the basis which diagonalizes o ,, prove the following properties:

i) ai:]l iv.) U;C:ak
ii.) {O’i,O'j}:25ij v.) deto =-1
iii.) [(Tl',Uj]:ZiEijkO'k vi.) Tror =0

Solution: The Pauli matrices in the basis which diagonalizes o, are given as

01 0 —i 1 0
ax:(l 0), Uy:(i 0), UZ:(O _1). (5.5)

i.) We can verify this property by noticing that for all matrices all column vectors are or-
thorgonal zu each other. Therefore we can conclude that o; must be unitary. Because
t 2

0 is also hermitian (see iv), we get immediately 1 = 0,0, = 07.

ii.) For i = j we already showed that alz. = 1. Then {o;,0;} = 21. So now lets compute
{oi,0} fori# j:

i 0 . -i 0 .

O0x0y= 0 _i):lo'z, o'yo'x:(o i):—lgz (5.6)
0 i) . —i .

0y0;= ; 0) =10y, 0.0y= (—i 0 ) =—i0y (5.7)
0 1) . -1 .

We can see that 0,0 j = —0 jo; which leads to {0;,0} = 0.

iii.) We can see from last point already, that 0;0; = i¢; jx0. Because 0;0; = —0 jo; we see
that [0;,0] =200 = 2ig;j10k.

iv) Bynotingthat o, and o, are real and symmetric and o, is imaginary and antisymmet-
ric we can immediately verify the hermitian property.

. . . |a .
v.) We can easily compute the determinant of a matrix = ad — bc, which can be

d’
used to verify deto; = —1 for all three matrices.

vi.) Since 0,0 do not have entries on the diagonal, the relation is trivial. For o, we also
seethatTro,=1-1=0.
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5.3 Clebsch-Gordan coefficients

Consider a system composed of two subsystems with angular momenta j, = 1 and j, = 1.
The z-components of these angular momenta are denoted by m; and m,. The states of the
total system are characterized by the total angular momentum j and corresponding mag-
netic quantum number m. Compute the Clebsch-Gordan coefficients for the quantum num-
bers given in the following tables.

m=0 j=2 j=1 j=0 m=1 j=2 j=1
ml—l, ng——l m1:1, my =
ml—O, m2—0 m; =\, m2—1

Solution: We can calculate all of the Clebsch-Gordan coefficients by using the recursion
relation and the orthonormality condition. The recursion relation is defined as follows

VUFmGEm+D){(mimy|jm+1) = /(1 Fm + D1+ m) (m F1,my|jm)

+V (e Fme+ Do £ mp)(my,mpF1|jm).  (5.9)

Remember that the recursion relation only acts for constant j. In order to find relations
between different j we need to use the orthonormality relation. We call J, the operation
taking the upper signs of equation (5.9) and J_ the operation with the lower signs. We can
find the first Clebsch-Gordan coefficient in the highest state with maximum j, m; with

(mi=1,mp=1|j=2,m=2)=(11]22) = 1. (5.10)

We can construct the first lower state by applying /_ to the Clebsch-Gordan coefficient (10[2 1)
which leads to

Vi+m)(j—m+1)(10[121) = \/(j1 + my + 1) (j; — my) (20]22)
=0
+1/ (o + ma +1)(jo — mp) (11]22)

2(10|21):\/§(11|22) :>(10|21):L. (5.11)
—— \/E

=1

We can further apply /- to the unknown coefficient (1 —1|20) which leads to

j j — {1 -1|20) = j D(j;— 2-1|121
VGi+m)(—m+1 {1 =120y = /(1 + my + 1 (j1 — m)< _0| )
+1/ (o + my +1)(jo — mp) (10[21)

VB(10121) = VZ(10[21) = (1 - 1]20) = . (5.12)
e G
=1/
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If we now apply  to the (10]|21) coefficient this will yield the (00]20) state

V(j—m)(j+m+1)(10[20) = v/(j1 — my + 1)(j; + m;) (00|20)
+/(ja — ma + 1) (jo + mp) (1 = 1|120)

2
v6(10[121) = v2(00|120) + vV2(1 —1]20) = (00]20) = \/j (5.13)
~— ~— 3
1/v2 1/v6
The next coefficient can be constructed by applying /- to (01]21)

\/(j+m)(j—m+1) 01]21) = \/(j1+m1+1)(j1—m1)(11|22)
+1/ (o + ma +1)(jo — m) (02]22)
0

2(01|21):\/§(11|22) :>(01|21):L. (5.14)
—— \/z

1

Again the second term vanishes because m; > j is not possible. The last coefficient for j =2
can be constructed by applying /. to the same coefficient as before

VGi-m)(+m+1){01[21) = \/(j1 — my + D) (ji + my) (~11]20)
+1/(j2 — ma + 1) (jo + mp) (00]20)

V6(01121) =v2(-11]20) + V2(00[20) = (—11|20) = i (5.15)
— — \/6

1/vV2 V2/1V3
Our table now looks like
m=0 j=2 j=1 j=0 m=1 j=2 j=1
m=1, my=-1 1/V6 m=1 my=0 1/V2
m1:0, I’}’l2:0 \/E/\/g m1:0, m2:1 1/\/2

m=-1, my=1 1/v6

Now we can use the orthonormality relation

Y (mymy|jm)(mimy|jm) =1 (5.16)
J
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to find an expression for a Clebsch-Gordan coefficient with j =1

ao21%+ao11)%=1 :(10|11>:i. (5.17)
—— Vﬁz

=1/2

We will choose the plus sign solution, because we use the Condon-Shortley phase convention
which states that

(Jr, jorm1 = j1,mp|jm) €R,> 0. (5.18)

Due to orthogonality of the two columns of the right table we can immediately deduce the
coefficient for (01]11) = —1/v/2. Alternatively we can obtain this result by applying J, to the
zero coefficient (11[12).

We can obtain the (1 —1|10) coefficient by applying /-

Vi+m)(j-—m+1){1 =110y = /(j1 + my + 1) (j; —mp) 2 —1]11)
=0
+v/ (o + ma +1)(jo — mp) (10]11)

VZ(-1110) = V2(10[11) = (1 ~1]10) = —. (5.19)
= V2
=1/

Now we can apply /- to (—11]10)

VGi+m)(j—m+1){=11]10) = \/(ji + my +1)(j1 —my)(01]11)

+1/ (o + mp +1)(jo — mp) (~12|11)
0

V2(-=11]10) = V2(01[11) 3(—11|10>:—L. (5.20)
w—*ﬁ V2
-1/

The last coefficient can be constructed by applying /- to (00/10)

V(j+m)(j—m+1){00]10) = \/(j1 + my + 1) (j; — my) (10]11)
+v/ (2 + ma+1)(jo — mp) (01]11)

V2(00[10) = v2(10|11) +v2(01|11) = 0. (5.21)
—— —
1/V?2 -1/V2
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We can now easily fill in the last column of the first table by again applying the orthogonality
relation for the rows. Because of Condon-Shortley phase convention we know that (1 —1/00)
is positive

1
(1—=1120%2+(1 —=1]10)2+(1 —1]10)>=1 =(1-1/10)= —. (5.22)
~ N - ~ TV - \/§
1/6 1/2
m=0 j=2  j=1 j=0 m=1 j=2  j=1
m=1m=-1 1/vV6 1/v2 1/V3 mi=1,my=0 1/vV2 1/V2
m=0,my=0 V2/V3 0 -1/Vv3 m=0,my=1 1/vV2 =1/V2

m=-1,m=1 1/v6 —1/vV2 1/V3
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5.4 Rotations in Quantum mechanics

Recall that a finite rotation operator in Quantum Mechanics is given by

h

where ] is the generalised generator of rotation. Show that if a classical observable S(t, x)
transforms like a scalar under rotation, the quantum operator must satisfy

T[0] = exp(—iﬂ) (5.23)

[S,Ji]=0. (5.24)
Hence show also that to be a vector V (t, x) under rotation, the condition to be satisfied is
[Va»]b] = if(zbcvc- (5.25)

Deduce, therefore the transformation of {V|V) under a rotation. Hint: Think of transforma-
tions in the Heisenberg formulation. You can use the Baker-Campbell-Hausdorff formula for
the second part.

Solution: Working in the Heisenberg formulation, we see that the action of rotation upon
an operator O is given by

Or@) =T'OT = exp(i%)Oexp(—i%). (5.26)

For a vector under rotation let us first see what happens under an infinitesimal rotation 66.

Then
(,..] 0 J-0) (- Jkn60 _Jiknidt
V4(R[60]) = (1 +1i 7 )Va(l i 7 ) = (l +1—ﬁ )Va(l l—h )

=V, - %[Va,m n56. (5.27)

So if now the commutation relation [V, Ji] = ihe 41 V; is satisfied?, then
Va(R[60]) = Vi + €45 ni60V; =V + (600 x V), (5.28)

which exactly corresponds to the small rotation. The factor of 7 is just to keep the formula
dimensionally consistent.

Now lets attempt to prove the relation for finite rotations. Without loss of generality we can
set the rotation axis to be the z-axis. Let us look at the x component of a vector V

Vi (R[O]) = (1 +i%)Va(l —i%) BCH formula

: (i6)* (i6)®
= Ve +i0lJ,, Vil + o Uz Uz Vill + K Uz Uz Uz Villl + ...
6> 6* 6 6°
= Vx(l—z—!+4—!+...)—Vy((6—§+5+...)
(Vx(R[O])) = (V) cosO — (V) cosO (5.29)

2In the task the commutation relation was given with A= 1.
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In deriving the above we have made repeated use of the commutation relation. Thus we see
that the rhs is exactly the rotation operator R,(0) applied to (V). In an analogous way the
transformations for (V) can also be found

(Vy(R[B])> =(Vy)sinf + (Vy> cosf (5.30)
also as [J;, V;] =0, so (V,(R[B])) = (V). The total rotation matrix R can now be written as
cosf —sinf 0
R=]sinf cosf O0]|=R,. (5.31)
0 0 1

This can now be generalised to arbitrary axes by use of Euler angles.

5.5 Coupling of three angular momenta (BONUS)

A system consists of three spin-1/2 particles. Construct an orthonormal basis |S, S;) of eigen-
vectors of §? and S, where

$§=85,+8+83 (5.32)

is the total spin of the system.

Hint: Write down the |3/2,3/2) state and build the other s = 3/2 states by repeatedly applying
the S_ = S + 8@ 1+ S® operator. To obtain the s = 1/2 states consider one of the three
possible pairs of particles in the s = 0 singlet state and couple it to the third particle. Are the
states you obtain all linearly independent?

Solution: At first we write down the | 5 2> which can only be achieved if all three spins are
pointing upwards. We can write this as

33
’2 2>—|m> (5.33)

We can now apply the ladder operator S_ to this state, which can be expressed in the 1| basis
as

S_=8_+85_+83_, (5.34)

where S;_ only acts on the state of spin i. First we apply the ladder operator to the new
basis

33
2’2

o

> B/ (s+m)(s— m+1)' >

BRIk e
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We can also apply the ladder operator to the old basis

S1— 1111y = Ay (s1+ my)(s1—my + D[111)

1 1)(1 1
:n¢k+zni—5+Qum>=mun. (5.36)

We can apply this for all three ladder operators separately which yields

S_ID=hUITD+ITID +ITT). (5.37)

We can now compare (5.35) and (5.37) resulting in

31 1
‘§,§>:ﬁ(HTT)"‘HH}‘FHTl))- (5.38)

We find the same results for the symmtetric case of three down spins
33
)= . 5.39
’2 2> LD (5.39)
Here we can instead apply the climbing ladder operator S; which leads us to a similar re-
sult
1

3 1
‘5,—5>=\/§(|Tll>+|lTl>+|llT>), (5.40)

which can be obtained by just switching the signs of all spins. Alternatively we could apply
the ladder operator again to (5.38).

In order to obtain the state for s = 1/2 we can use a system of two spin 1/2 particles with
total spin S = 0 and take the tensor product with a third spin particle. The singlet state of the
2-spin system was derived in the lecture as

L
V2

We can construct the S = 1/2 state by applying the tensor product of (??) with |1)

100) =—=(T1)—1LT). (5.41)

1
|00>®|T>—E(IH)—IH))Q@IT)

[1/2,1/2)

3 )= D=1 (5.42
33) = 01D -1 .

In order to obtain the |1/2,—1/2) state we can take the tensor product with ||)

1
00 =—(1)-
100)®]]) \/E(ITU ) el])
[1/2,-1/2)

=3 ) = —=UD=1TD) (5.43
373)= J501b -1 <
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6 Time independent perturbation theory

6.1 Perturbation of Harmonic Oscillator

Consider the quartic Oscillator

Hoop) = 2 + Lot + Lot (6.1)
,P)=—+ -—mw —Hw X" .
P=om™2 2

Treating the last term as a perturbation to the SHO problem, find the resulting new eigenval-
ues for an arbitrary energy state | Ex) up to the 2nd order. What would be the new eigenvalues
for the ground state |Ey) at the 3rd order?

Hint: Write down the Hamiltonian as Hy + AH,, where Hy and H),, mean the unperturbed
and the perturbing Hamiltonians. Similarly expand both E, and ¥, in powers of A (order
of expansion). Collect the terms at a given order to derive the nature of the perturbation
equation at that order.

Solution: We can write the Hamiltonian as
_ A4a
H(x,p)=Hy+ Zuw x". (6.2)
We can write the uperturbed solution as

Hy[ED) = B9 |EP) B = ho

n+1) (6.3)
5 .

We can additionally introduce the effects of the ladder operators on the eigenstates

ol [E®) = Vi T[EQ), )
alEY)=n|EY). (6.4)

We can now express the perturbation with the ladder operator

,uw( P ) h "
a=\/—|x+i— - x=41/—(@a+a'). (6.5)
2h Hw \/ 2uw

H =2 (a+aht. 6.6)
u

In the lecture we derived a formula for the perturbed energies §; and perturbed states 1

1 R w?
Sk =(EolHplng-1) = 3

——
=K

<E0|(a+ a*)4|nk_1>. 6.7)
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We denote the unperturbed eigenstates Eﬁlo)> as |n). We first calculate

Hy|no)=K(a+ah*10y = K(a+a")?1)
=K(a+a")?(0)+v2[2))
=K(a+a")(1)+2[1) +V63))
= K(310) +6v22) +2v64)).

This immediately leads to
81 = (Eol HylE) = (01 K(310) +3v212) +2V/614)) = 3K.

The general formula of the corrected state is

k-1
k) =Ro 3 8 |nk-1) = RoHp |nk-1)
]

where Ry is the resolvent

_{%In) n>0

0 otherwise.
We can now calculate the state correction of the first order

|m) =-RoHy|no) = —RoK(310) +6v212) +2v/64))

= —K(3\/§|2> +?|4>).

In order to calculate the second corrected energy state |172> we first calculate

(a+ah*12) = (a+a")(V211) + V33))
= (a+a")*(V2|0) +512) +2v/314))
= (a+ah(6v2(1) +9V313) +2v/3V55))
=6V/2]0) +39(2) +28v/3|4) +6v2V5]6).
Analogously we can calculate
(a+a")* 14y = (a+a"@213) +V515))
= (a+a")?2Vv22) +914) + V5V616))
= (a+a")(2V61) +2413) + 15V5|5) + V5V6V7 7))

=2v6|0) +28v/312) + 123 |4) + 22v5V66) + V5v6V7V8|8).

First we compute the energy correction

5y = —K? (3\/§<0|(a + a*)4|2> +? <0|(a + a*)4|4>)

21 h*w?

= —K?(18-2+6) = —42K? = — )
32 u?

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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6.2 Spherical tensors

Consider a spinless particle bound to a fixed center by a central force potential.

a) Using only the Wigner-Eckart theorem, relate (i. e. consider the ratio between) the ma-
trix elements

1
(n',l, m’|¢ﬁ(xiiy)|n, Lmy and (n',l'm'|zIn,1,m) (6.16)

stating under what conditions the matrix elements are nonvanishing.
Hint: You can recognize the matrix elements above as the elements of a spherical ten-
sor of rank 1.

b) Do the same problem again using wave functions y (x) = %, Y;" (0, ), i. e. ¥ Is factor-
ized in a radial and angular part.

a.) Solution: The Wigner-Eckart theorem for a generic tensor operator of rank k Rgc)
reads

_{lk;maqllk; 'm'y(n'U||[RV|nl)
B V2I+1 '

The double bar matrix element is independent of m and m'. As was given in the hint, the
matrix elements form a spherical tensor of rank k = 1 which can be written as

(n',1,m|RPn, 1,m) (6.17)

1
RV = iE(xi iy) and R\=cz (6.18)

From the requirement that the Clebsch-Gordan coefficient is nonvanishing we obtain the m
selection rule m’ = m + g and also the triangular relation |l — k| < I’ < |l + k|. In the special
case of rank 1 tensors this translates to

[I-1<l'<|l+1] =1U=]|l+1],0. (6.19)

We can further restrict this selection rule based on a parity argument. For a central potential
|nlm) is an eigenvector of the parity operator U,. We obtain

Uplnlmy = (-1 Inim) ~ U,'R® =-RD. (6.20)
Hence we can write the left hand side of the Wigner-Eckart theorem as
(0, I, M| RV n, 1, m) = D' D" (0, I, m'|RD|n, 1, m). (6.21)
This implies that [ + [’ has to be odd, therefore I’ # I. We can now consider the ratio

(n',1',m'| R |n, 1, m) ~ (1,1, my, 1L, 1,I',m}) (', 'IRV|In, 1) vV2I +1
!, U | RO 1 ,my— (1L1,m,01L L1, my) (n!, 1'[|[RW|n, 1) V21 +1
ALLmy, £1L11,m))
(1,1,my,011,1,I',mj)

(6.22)

where g = £1,0 and I, m’ satisfy the selection rules found above.
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b.) Solution: Now we use the wave function W (x) = %,,(r)Y,"(0, ¢p). We can evaluate the
matrix element using g = +1,0

<n’, I',m'[R|n, l,m> = / Ry (Y (9,0) [RPVI R (N Y] (9, 0) &

o0
4m !
-V ?/rze%;;/l'r%nl v, Yy dQ. (6.23)
0

Here we use the fact that R;D can be written in terms of spherical harmonics

4n
YY) = \/ cosﬂ \/ z=rY) 3 (6.24)

+1_ x+1y M) xtiy

1 T\/_ + \/i 1 3

For whatever value of g, RE,D contains the prefactor /2%, an r and the spherical harmonic

q
v,

We can now use an identity for the integral of three generic spherical harmonics®

2L+ 1)L +1
/d.QYm*leYm2 \/( 14;(2)1(4_21;_ )<lllz;00|lllz;lo> (lllg;mlmzllllg;lm). (6.26)

We can insert this now into (6.23) to obtain

21+1)3
<n l’mIR(l)Inlm I /292 TRl 4;(2;) (11;00111;1'0) {1, ; mql11;I'm')

[ @l+1
:/rzﬁn,l,r%nl ((21,+ ) (111;00111;1'0){lyq; mqlI1;I'm"). (6.27)
0

This value is only nonzero if [ # . The selection rules come directly from the orthogonality
of the spherical harmonics. We find the same result as in a.) when taking the ratio between
the matrix elements with /' = |/ + 1| and m1 m;+1, m2 mo.

3see Sakurai, 2nd edition, p.217
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6.3 Time independent perturbations and degeneracy
p-orbital electron characterized by |n,l=1,m = +1,0) (ignore spin) is subjected a poten-
tial

V=AMx*-y*)  A=const. (6.28)

a) Obtain the correct zeroth-order energy eigenstates that diagonalize the perturbation.
You need not evaluate the energy shifts in detail, but show that the original threefold
degeneracy is now completely removed.

b) Because V is invariant under time reversal and because there is no longer any degen-
eracy, we expect each of the energy eigenstates obtained in a) to go into itself (up to a
phase factor or sign) under time reversal. Check this point explicitly.

a.) Solution: We can first express the perturbation as a function of spherical harmon-
ics Y. Then we can use the selection rules for the matrix elements in order to identify all
nonzero elements. We can rewrite the potential

V=Ax*-y?) = M(x+ip)* + (x —ip)?). (6.29)

Now we identify the spherical harmonics Yzir2 as

15 (x+iy)? [ 15 _
Y2 = — =2 S V=2 —(r2Y2 + %Y, 9. 6.30
2 32 12 327:( 2 2") (6:30)
—_———
=a

We can now use the selection rules for
(nlm'\VInlm) = a{nlm/|(r*Y{ + r*Y; 3)|nlm)
= a[(nlm/|r* Yy Inlm) + (nlm/|r*Y, *|nlm)). (6.31)
The first term is nonzero if m’' = m+2 while for the second term m’ = m—2. Sincefor [ =1, m
is {~1,0,1} the only non-zero components are {nl1|r? Yzzlnl —1) and (nl—1|r? Y22|n11>. We
can compute the expectation values as
(nlm/|VInlm) = a/ r2R%,(Y/") Y Y . (6.32)

For the p-orbital electron we have |n =2,[ = 1). Therefore

(111|ar2Y22|11—1):a/rZRgl(Yf)*YZZYfld%
3 - 3 15
:—a—/rzRglsinzﬁe_zquZngr:—a—/rzRglsin‘lﬂ\/—d?’r
8m 8n 32

(11-1lar*Y{111) = a/rzRgl(Yfl)* Y, 2yl dPr

3 i 3 15
:—a—/r2R§131n20e+2“”Y2_2d3r:—a—/rzRglsin4z9\/—d3r.
8m 8 32

(6.34)
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We see that both integrals are the same, we denote the result as ¢. In a Matrix Form we can
write (V) as

0 0 ¢
(Vy=(0 0 0]. (6.35)
E 00

In order to find the diagonalizing energy eigenstates we solve the eigenvalue problem. We
recieve the following eigenkets and corresponding eigenvalues 0, +¢

e o =210y with AE=0
o Yy = %0211) +121-1)) with AE=¢

o Yy = %uzu) —|21-1)) with AE = —¢.

We see that ¥, with m = 0 has the original energy eigenvalue, the electric potential forces
the other two states to occupy different energy levels. The original degeneracy has been
completely removed.

6.4 Asymptotic and Convergent series

A sequence of function {¢,} with ¢, : C/zg — C,n =0,1,2,... is called an asymptotic se-
quence as z — zy if foreachn=0,1,2,... we have that
Pn-1(2) = 0(pn(2)), z— 2. (6.36)

Let f(z) be a continuous function such that f(z) : z € Clzg — f(z) € C. We say that f(z)
allows an asymptotic series expansion for z — z if there exist an asymptotic sequence {¢,},
such that foreach N =1,2,...

N-1
1f(2)— ) anpn(2)l = O(pn(2), z— 2z (6.37)
n=0
or, equivalently
N-1
1f(2)= ). anpn(2)=0(pn-1(2), z— 2. (6.38)
n=0

Asymptotic series often appear in many branches of physics when performing perturbatie
expansions. Note that asymptotic series need not converge; in fact, in typical cases of in-
teres, an asymptotic series will never converge. Similarly, a convergent series need not be
asymptotic.

a) Consider the (uniformly convergent) Taylor series for the exponential function f(z) =
e®. Prove that it does not define an asymptotic series for e when | z| — oo.

b) Consider now the function

o0

—Ej(=x) = E1(x) :/

X

exp(—1t)

dt (6.39)

and prove that E; (x) does not converge in any standard sense, but admits an symptotic
expansion for x — oco.
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6.4 Asymptotic and Convergent series

a.) Solution: In order to prove that the series is not asymptotic to e* we need to identify
the corresponding asymptotic sequence {¢,} and apply the second definition (6.38). We

need to show then that the limit
(6.40)

e? — eryzo an@Pn 20

lim
|z|—o00 PN

We can perform this calculation by noting that a, = 1/n! and ¢, = z" for the exponential

function
N

L ef=Y oanpn . 1, Xz"

lim = lim — e - —

|zl —o0 YN |zl —oc0 2 n=o !
1 (e Zk N Zn
= lim — —— —
Z k! ;0 n!

- N
|z|—o0 Z k=0

n-N
(6.41)

= lim Z — =00
|zl—o0, N1 T

Note that, the summands are all positive because n > N. For |z| — oo this tends to infinity
and the Taylor series for the exponential function is not an asymptotic series.

b.) Solution: We can find the asymptotic series by repeatedly integration E; (x) by parts

where we find an expression for E; (x) — Zév an@Pn

—t -0\ > T —t
Ei(x) = / SPED g = (——exp( )) —/—eXp(g Lar
t )l t
X X
—-X _l. o0 x _t.
- e__(_eXp(z )) —2/eXp(3 Lar
X t . t
X
e e e ¥ ooexp(— 1)
S S TR d
x  x? x3 / 4
X
e ¥ 1 2! 3 n! ooex (=0
:7( —;4——2—;+...+(—l)nﬁ)+(—1)n+1(n+1)!/ 5l+l dr.
X
We can now identify the asymptotic sequence as {¢,} = {e”*x~ """} and {a,} = {(-1)"n!.
The corresponding sum
o0 —X
(6.42)

e
S
n
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does not converge in any standard sense. For any fixed x the magnitude of the terms in-
creases as n grows, which implies that this alternating sum diverges. However, it is asymp-
totic to E; (x). We can show this by computing (6.40) and showing, that the limit is zero

[e.@]

. E@-xXV f,:l =nnt exp(—1)
Jim ) = lim x"*e*(-1) (n+1)!/Wdt>0. (6.43)
X
We can now use the fact that
[o.0] o0
exp(—1) —n
/Tdt< X exp(—1)dt (6.44)
X X
to simplify our expression
—x 00
E1(x) - Zg ;"H (=1)"n! n+2 n+1
; ; _ I _
Jim — <|)}|1H100,e’(x (-1) (n+1)./exp( fdt
X
(S —
/9715
1
= lim —(-D)""'(n+1)!=0. (6.45)
[x|—o0 X

That shows that the limit is sandwiched between zero on the lower bound (because all terms
are positive) and zero for the last evaluation which proves, that the series is asymptotic.
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7 Time independent perturbation theory cont.

7.1 Stark Effect

Consider a hydrogen atom in a uniform electric field E = E* along the z-direction. The
effect of the electric field on the hydrogen atom can be modelled by the inclusion of the
potential V = eEz as a perturbation in the Hamiltonian of the hydrogen atom. In order to
compute the energy shifts caused by the presence of the electric field to the non-degenerate
ground state |100) and the fourfold degenerate first excited states |2lm), one has to compute
the matrix elements (n'l'm'|z*|nlm) and {n'l'm'|z|nlm), respectively. According to the se-
lection rules there are only three non-vanishing matrix elements: <100|22|100>, {200|z|210)
and (210|z|200). Compute explicitly these matrix elements and show that the latter two are
equal.

(Hint: Because of spherical symmetry (100|z?|100) = %(100|r2|100). In order to compute
the matrix elements use the analytic expressions for the states [100), |200) and |210).)

Solution: First we note the analytic expressions of the wave functions:

v 473 ( Zr) 1
100 ag p . an

v Z3( Zr_|_2)e ( Zr) 1 7.1
= —_— X —_—— —_— .
200 8ac\ a P 2ap) V 4nm
0
Z3(Zr Zr 1
Woro=1/z=|—|exp|-5— —cosd.
8a0 ap 2ay 47
We start by calculating the first matrix element:
r%cos? 9
7z=1 1 2r\ » 2309 .
= —— [ exp|——|r“cos”Irsinddrddde
agm ay
2 1 T 2r
T]r ——cos>9 /r4exp(——)dr. (7.2)
doﬁ 0 aop
2/3

We can solve the radial integral by using the FEYNMANN integration rule:

2r ag\5 ag\5 d*

4 _ (% 4 _ (% _

/r exp(——ao)dr—(—z) /u e—udu—(—z) _da4/e “du
S

a=1
=—1/a
Cay dt (1 _ag24| 43
- 5@(7) a1 3208 oy 04
= (100]2%|100) = aj. (7.3)
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The two other matrix elements are matrix elements (200|z|210) and {210|z|200) are indeed
equal, because the wavefunctions W,o9 and W1 are real:

1 1
(200|z|210) = —— (—L+2)(L) exp (—L) cosd z dir
8a; 4n ~—

ag ap ap

1 1 )
:—3—/ _r_2+_r exp(—L)rgcoszﬁsinﬁdrdﬁd(p
8ay 4m Y

4y % o —2/3
4
-7 5 4
r 2r r
= ?§ / -t exp(——)dr r=aopu, dr=apdu
8a0-4n a, o ap
at
- 03(/2u4e_“du—/u5e_”du)
24a0
_a0(2 d4( 1) d5( 1) )
" 24Udat\ a)|,e ded\ allgo
R =120
72
=—ag— = —3610. (7-4)

24

7.2 Spin-orbit correction for Hydrogen atom

The Hamiltonian for a hydrogen-like atom with a single electron reads

p2 Z€2
Hy=——-——— (7.5)
2m r
where Z is the atomic number and the potential term is the Coulomb potential. With this

Hamiltonian, for any operator A the following relation holds
(nlm|[Hy, Al lnlm) =0 (7.6)

since Hy acting to the right or left just gives E 510) (i. e. energy levels of the unperturbed Hamil-
tonian). Specify A = p,, i. e. the radial component of the momentum operator and evaluate
the commutator above, finding an expression for (r=3).

Solution: In order to find an expression for (r~>) we try to express the Hamiltonian for a
fixed angular momentum [. For the quantum mechanical angular momentum L = (7 x p) we
find

A

L2 =r2p? — (#-p) +ih# - p. (7.7)
In spherical coordinates we have 7 - p = —iAV = —ihird,. Therefore we can find

iz p2 i 2
H2 = - ﬁ[(rar)z +10,1= = - h? | 0% + ~0r|. (7.8)
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We can express the last term as

2 1
—i? a§+;ar =(p)?  pr= —m;a,r. (7.9)
Then we can rewrite the Hamiltonian as
2 £2 2 2 2 2
L Z +1 Z
=L C_p MR Ze (7.10)

H —
0 2mr? r

“2m 2mr?2  r  2m
where we used the known eigenvalues of L2. We can now calculate the commutator by ap-

plying it to a generic V¥ state.

[Ho, prIW = [hzl(l+1)_Ze2 ]\P—[—hgl(”l) ]\y— ze ]\P (7.11)
0Pr 2mr? r P T e P PP '
We first compute
2 2
[hl(l+l), r]‘I’ h=l(l+1) , ihlarr]
2mr? 2m r2 r
RPI(L+1 1 1. (1
- ihﬁ(——gar(r\p) s —a,(—\y))
2m r
2
_ Py l(l“)(_l\p_ 1 )__\PJ’M
2m r3
RPI(L+1
—ip P Dy (7.12)
mr
Now we compute the second commutator
Z (1 1
¢ ,prl\l’ Zée*ih —,—drr]
\rr
5 (1 1
=Ze“ih —zar(r\y)——a,(\y)
r r
1 1 1
= Ze*ih| S W+~ )— =0 ))
r
:1712—2\11. (7.13)
r
Now we can combine the results to find the total commutator
Ze hzl(l+1)
[Hy, pr] =ik — |- (7.14)
mr
Now we can use (7.6) to find
Ze? RPI(l+1
O:ih<nlm| z - ( : )Inlm>
r mr
:><Ze2>_<hzl(l+l)>
r2 /- mr3
Ze? 1
MEC (- (r72). (7.15)

-3\ _ mze 2
=) == aol(l+1)
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7.3 2-state system

The Hamiltonian for a 2-state system can be written as

EY AA
H:( 1 ) (7.16)
AN E)

What are the eigenfunctions for the unperturbed problem, ie. A =0?

1. Solve the A # 0 problem exactly, in the eigenbasis of the unperturbed Hamiltonian, by
calculating eigenvalues and eigenfunctions.

2. Now, in the above picture, treat the problem perturbatively, i. e. |[AA] < IE? - Egl. Cal-
culate the energies up to second order, and compare with the exact solution.

3. Finally, let EY — E5. How should we now solve this problem? Find the first order per-
turbed eigenvalues. Compare once again to the exact solution.

Solution: For the unperturbed problem, the energy eigenvalues are E = EY, Ey with the
eigenfunctions |E;) and |E2). For the case A # 0 we can calculate the eigenvalues by de-
manding

E'-E A !
d t( b A Eg_E) = (E) - E)(E—E) - A*A*=0 (7.17)
= E* - E(EY + E3) + E1 E» — A*A? = 0. (7.18)

We can solve this quadratic equation which yields

Ev+E 1
= S (B - B+ a2, (7.19)
In a perturbative approach we approximate the energy eigenvalues by using € = [ E(fL_AEO] < 1.
1 2
We use the expansion v1+x=1+ %x which leads to
Ev+E 1 A2N2
E="24 (- E9)[1+4
2 T2 E)-E)
Ei+E 1
- : 2 iE(E?—Eg)\/1+462
E\+E 1
= 12 ziE(E?—Eg)(1+2£2+...). (7.20)
This leads to the energy modifications
) A2A?
E.=E +(E —-E)e=E+ 7.21
+=E1+(E1 - E2) 55 (7.21)
) AZAZ
E_=E—(E1—-E)e"=E - . 7.22
2— (E1—E») 1 E-E (7.22)
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7.4 Zeeman Effect (BONUS)

Consider a gas of excited particles immersed in a constant magnetic field. Its emission spec-
trum will be characterized by a multiplicity of lines such that each line, single in absence of
the magnetic field, splits into more lines*.When dealing with low-intensity magnetic

fields, the lines appear to be very close to each other. This phenomenon is called Zeeman
effect. Traditionally, one distinguished the Zeeman effect into two subcategories: the normal
Zeeman effect, that could be interpreted even without recurring to quantum mechanics, and
the "abnormal” effect, which instead required the introduction of the concept of spin.

Classically, the energy I radiated by a charged particle in motion over a unit of time can be
computed from the dipole approximation as

2 ¢? .2
= ——3]‘
3c
In quantum mechanics the equation above is valid when considering mean values, hence

¥ — (¥). The matric element of ¥ between two generic stationary states |nlm) of the hydro-
gen state is given by

1 (7.23)

(n’l’m’li"lnlm):—wi)n,(n’l'm'lrlnlm% (7.24)
where w, = E”%/E"'. From the requirement I # 0 one finds that an atom can transition
between two different energy levels |nlm) and |n'lI'm’) only if I' = [ + 1 and m' = +1. Indeed,
because of parity, transitions with I’ = | are not allowed. Moreover, since spin is conserved,
when considering the spin quantum number m; we find the rule m, = ms. Now consider a
hydrogen-like atom immersed in a magnetic field. Let us denote with Hy the Hamiltonian in
the absence of a magnetic field. If the atom has no spin, then the total Hamiltonian will be
simply given by

e e
H=Hy+—B-L=Hy+—BL, (7.25)
2mc 2mec

where we assumed that the field B is directed along the z-axis.
e Compute the energy spectrum of the atom and compare it to the energy spectrum you

would obtain in absence of the field. How many distinct energy levels can you have for
a fixed value of n? What is their separation?

* Discuss the possible transitions permitted by the rules you derived above.

The fact, that Hy and L, commute, shows that both operators have the same eigenstates
[nlm). We can calculate the new energy eigenstates by using the SCHRODINGER equation
H|¥)=E|¥Y):

e e
(H0+ BLZ)Inlm> = (H0+ Bmh||nlm)
2m, 2mecC
E=FE,+usmB __¢h (7.26)
=Lp+UB ) UB = Mg .

4A similar multiplication of lines is found when the gas is immersed in an external electric field. This effect is
called Stark effect, c.f. Landau-Lifschitz, page 314 and following.
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For a given n, we have [ = 0,...,n—1 and for each /, m varies between —/ and +!/ which
leads to 2/ + 1 sub-states. The energy level E,, is therefore effectively divided in 2(n—1) +
1 =2n—1 values. The energy separation A, is A, = up B m. Instead of transmissions with
AE = E, — E,» we now find transitions AE = (E,, + Ay,) — (E,y + A7) with the condition m' = m
orm'=m+1.

One of the critical empirical pieces of information that came from the study of the ZEEMAN
spectra is that also the levels corresponding to orbital angular momentum [ = 0 can split.
This “anomalous” level multiplication suggested that particles might have an intrinsic angu-
lar momentum, which has been interpreted as spin.

e To account for the contribution of spin in our Hamiltonian, write
e

H=Hy+——B(L; +25,) (7.27)

MmeC
and repeat the two points above.

When we also consider spins without relativistic corrections, we can easily repeat the pro-
cedure by noting that the spin operator § acts in a different space from L and thus surely
commutes with H. Then we can find eigenvalues of S, as Aim; which leads to energies

e

E=E,+ 2 Bh(m+2my). (7.28)

MmeC
For a fixed n, we will have as many energy levels as the values m +2m; can take on. From the
addition of angular momenta we know that —(/ +2s) < m +2my < [ + 25 holds, meaning that
we have 2/ +4s + 1 different values if [ # 0 and 2s + 1 values if [ = 0. We find, that the energy
separation is A = g B(m+2my). Since we have m/, = my, there will be no difference from the
emission lines obtained in the spinless case.

» To account for relativistic effects we should also include in Hy the spin-orbit interac-
tion, which is proportional to a term L-S. With this addition, the total angular mo-
mentum J = L+ S is still a conserved quantity. Are the L and S vector components
still conserved? And what about L? and §?? From the considerations above, deduce
that a good basis of eigenstates is given by the states {|lsj mj>}, where I, s, j,m; are
respectively quantum numbers of L?, 82, J?, ] ,.

We can see that the total angular momentum J = L+ § is still conserved, as
[L-S,Jil=[L-S,L;+S;] = [LgSk, Lil + [Lx Sk, Si]
= [Lk, Li]Sk + Li [Sk, Lil + L[Sk, Sil + [L, Sil Sk
=0 =0
= [Lk, LilSk + L[Sk, Sil =i€kijLjSk +i€g;jSjL
ZiEki]' (LjSk-I-Sij). (7.29)
[ ——
symmetric

With the same strategy we can show that L;, S; are not conserved. On the other hand, both
L? and S§? are conserved, since [L;, L?] =0 = [S;, §?]

[L-S,L?] = [L.Sk, L*] = [Ly, L*] Sg. + Ly [Sg, L*] = 0. (7.30)
=0 =0

This suggests, that the good basis of eigenstates is indeed {| Isjmj)}.
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e prove that the first order modification induced by the presence of the magnetic field is

given by
AE; = Bupmy + —— (S, (7.31)
J=B|upmy amee 07 .
Hint: Rewrite the Hamiltonian as
e
H=Hy+ B(J,+S,). (7.32)
2mec

This form highlights that the perturbation due to the magnetic field on the eigenstates
of Hy is given by the sum of two terms, one proportional to ], and one to S;. In princi-
ple, one should apply time-independent perturbation theory in the case of degenerate
eigenstates. However, since the eigenstates of Hy are also eigenstates of ], and that J,
breaks the degeneracy, you can instead consider S, as an ulterior perturbation of the
non-degenerate states.

As already hinted in the task, we can simply use non-degenerate perturbation theory to com-
pute the first energy correction. If we rewrite the Hamiltonian as in (7.32), we see that, be-
cause J, commutes with Hy, it has the same eigenstates and thus eigenvalues him;. If we
apply non-degenerate perturbation theory we find

e

AE:<nlm|2 B(]Z+Sz)|nlm>

MeC

e
:B(,LLij'Fm(SZ)). (7.33)

Compute (S;). From the expression AE; = gugBm; identify the Landé factor g. Proceed as
follows:

e Using that [Ji, S;li€x;mSm prove that
[J-,8+1=-28,, J+,S+1=0 (7.34)

* By evaluating the matrix element ( jls(m; +1)|[J+, S+1|jls(mj — 1)) prove that the ma-
trix elements of J, and S, are proportional:

(jlstm;+ DIl jlsmy)  (jlsm;lJiljlsim;=1))
(jlstmj+1)|Ssljlsmj)y  (jlsmj|Si|jls(m;—1))

(7.35)

Use the completeness of the | jlsm;) base.
e Evaluate (jlsmj|[J-S.]ljlsmj) = am;.

e Evaluate the mean value of J- 8 = (J* + 8* — L?)/2 on the state |jlsm;). Repeat the
procedure, using J - S = (J+ S—+J_S+)/2+ ]J,S.. Compare the two results and find a
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At first we prove the commutation relations

[]i; S+] = []xii]y; Sx+i8y] = [Lx+sxii(Ly+Sy),Sx+iSy]
=[Sy, Sx+iSy1 £i[Sy, Sy +iSy] =i[Sy, 1 FilSy, Sy

_ {0 I+ (7.36)
—28, J_

Since [/+, S+] = 0 we can write

0=(jls(m;+ DI+, S+1ljls(mj—1))
=(jlstmj+ D]+ Ssjls(m;j—1)) = (jls(mj+ IS | jls(mj—1))
= (jlstm;+ DIy |jlsm;)(jlsm;j| Siljls(m;—1))
—(jls(mj+1)IS+|jlsm;){jlsm;| ]| jls(mj—1)). (7.37)

This immediately yields (7.35). This implies that the matrix elements of J, are proportional
to those of S;, which helps us to evaluate

(JlsmjlU-S:ljlsmj) = (jlsm;jlJ-Si|jlsm;)—(jlsm;|J.S-|jlsm;)
= (jlsm;lJ-|jls(m;+ 1)) (jls(m;j+1)|Si|jlsm;). (7.38)
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8 Time Dependent Perturbation Theory

8.1 Dirac (interaction) picture

Recall the “interaction” picture from your lectures in the context of a time dependent pertur-
bation. Starting with a Hamiltonian given by

H(t)=Ho+V(t), V(0)=0, Hoy# Hy(1). (8.1)

Sketch the time evolution of interaction kets |a, t); = exp(lH‘)t) |a, t) and interaction opera-

tors Aj(t) = exp(lHot)A(t) eXp( lHot)

Solution: First we try to express the time evolution of the interaction kets:

., 0 . 0 iHyt
1ha—t|a,t)1—1hat(exp( )Ia,t))

h
Hyt\iH iHyt
—lﬁexp(l}; )lhom t)+exp( - l\l—/l_/la £)
b+ V(1)
Hpt
_exp(lho )( Hy + Hy + V(1) |a, )
(iH )Vm ('Hot) (iHot)I ,
=exp| — exp| ——— | exp| —— |la,
Vi(o) a6,
0
lhE la, Hr=Vi(D)la, ). (8.2)

In the second step we used the SCHRODINGER equation ih0;|¥) = H|¥). We can now also
evaluate the time evolution of the operator A;(f) assuming, that A(f) ist not explicitly time
dependent:

dA 0 iHyt iHyt iHyt iHyt
a0 = il Jaoese - e[ T Jaco 3ol -5
zil‘ll(t)—z‘ll(l‘)iﬂ
h h

1
= —[A[(1), Hpl. (8.3)
ih
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8.2 Spin-Magnetic Resonance

Consider a spin 1/2 system (e. g., a bound electron) subjected to a time independent uni-
form magnetic field in the z-direction and, in addition, to a time dependent magnetic field
rotating in the x-y-plane:

B = Byz + By (Xcos(wt) + ysin(wt)), (8.4)

with By and B, constant. Apply the solution of the two-state problem to this system. Identify
the resonant frequency, and find the time separation between two different instants in which
the probability of the system being entirely in the spin-up state is maximum.

Hint: Recall that the Hamiltonian of this system is H = p- B, with p = miecS. Write the S;
operators in their ket-bra form, i. e. as linear combinations of {|+) (+|,|—) {(—|,|£) (F}.

Solution: We start by writing down the components of the spin operator S:

h h ih
Sz:E(|+><+|_|_><_|); Sx:§(|_><+|+|+><_|); Sy:%(|_><+|_|+><_|)-
We can now write the Hamiltonian as
e
H=p-B= meCS-B
= —2(S.Bo+ By(Sxcos(wt) + Sy sin(w)))
MmeC
h
= [ SzBo+B1((I=)+]+ [+X=]) cos(@t) +i(|-X+| — [+}—]) sin(w))]
2MpC —~—~
Hy
he iwt —iwt
= [Ho + B1e""|=)(+] + Bre™ " |+)(-1]. (8.5)
2mecC

We can write the time dependent part of the Hamiltonian as a harmonic perturbation

. . B
V() = hy(e! |-)+| + e |+)(~[),  withy= ZH}LeC. (8.6)
e

We can identify the resonant frequency by finding the energy eigenvalues of Hy for both
states |+) and |-) which are J_rmLeCBogz

1( e h e h eBy

Y=y MeC 2" mecBOE - meC (8.7)
We can find the coefficients ¢, (f) for the time evoluted state by using
ihén () =Y eV om(1). (8.8)
m
This leads to
i, = elWslye 0l = yeilws—0lty
ic. = ye Wm0l (8.9)
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We can combine both differential equations into a single second order equation by differen-
tiating:

—&=ye @O (6 ) by (0 — w) e @) e,
~—— N————
vexp(i(ws—w)t)c_ ilyc-
=>0=¢_+7c +ilws —w)e_. (8.10)

If we choose the boundary conditions in such a way, that the system is in state [+) at £ =0,
so that ¢;(0) =1 and ¢, (0) = 0 we find a solution to (8.10) as

i 1
c_() = —%ei(‘”‘“’i”sm(g 1), with Q?=y%+ 7@ w.)?. (8.11)

We now want to find two different instants in which the probability of the system being en-
tirely in state |+) is maximum. This obviously occurs at w = w. because then 2 is minimized.
The distance between those two instants is governed by the sin(Q¢) term. For Q =y we find
for the period of such an oscillation

2n  Awmec

y-T=2n = T=—

(8.12)
Y B
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8.3 Spin states in time

A composite system is made up of two spin % objects. For t < 0, the Hamiltonian is inde-
pendent on spin and can be considered 0 by properly adjusting the energy scale. For t > 0,
instead, the Hamiltonian is

4A
H= Wz S1-8o. (8.13)
The system is in |+—) for t < 0. Find the probability of finding the system in the states
[++),|+-),|—+),|——) as a function of time:

1. By solving the problem exactly.

2. By solving the problem using first-order time-dependent perturbation theory with H
as a perturbation switched on at t = 0. Compare this solution with the previous point
and state under which condition it is correct.

1.) Solution: We start solving this problem by computing S; -S> using the representations
of Sy, Sy, S;. We obtain the following expression

8182 = 812825 + 8182y + 512822
hZ
= Z(U_XH XD 1 (=X + X =Dz + 2 A=) = [+ =D 1 =)+ = [+)=D2

+ (X = 1= =D (X - |—>(—|)2)

2

h
= (L= H T ) =+ =)+ Li==T

4
i (=TT = [+ = [+ =)+ + | H=])
+ (|++><++|+I—+><—+|+I+—><+—|+|——><——|))

2
= [Pl 2l B et ) =) ).

We can rewrite the Hamiltonian now in matrix representation using |1) = [++),[2) = [+—-),[3) =
|—+),14) =1--) as

1 0 0 O
0 -1 2 0

H=A 0 2 -1 ol (8.14)
0 0 0 1

The outer part of this matrix is already diagonalized, so we just concentrate on the inner
part:

-1-1 2

det( 9 1.2

):(1+A)2—4éo. (8.15)
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This leads to the eigenvalues A = 1,—3. We can calculate the corresponding eigenvectors
simply by solving the eigenvalue equation

(2B

This leads to —x + 2y = x which gives the solution x = y. We normalize the eigenvector x* +
y? =1 whichresultsin x = y = 1/v/2.

For A = —3 we perform the same steps:

s (2 2o

This results in —x +2y = —3x giving the solution x = —y. We choose x to be positive with the
normalized value of x = 1/v/2.

This result suggests a new basis with the following vectors

1) =[++) E=A
12) = |--) E=A
{13) = —=(+)+1-+) E=A (8.18)
i
4y=—(+-)-1|- E=-3A
14) \/§(|+ )= 1=+

We have now created a diagonalized and time independent Hamiltonian H = diag(1,1,1,-3).
We time evolution is simply given by applying the time evolution operator

Ht
Ut th=0)= exp(—if), la,ty=U(1)|a). (8.19)
The probability of finding the system in the states given in the task is just p = |{fla, t) |*. For
|++) and |-—) we immediately obtain
pl+-)—1++) =0=p(+-) —1--)), (8.20)

because both states are orthogonal to |[+—) and for time independent Hamiltonians, orthog-
onal states stay orthogonal under time evolution (intrinsic property of unitary transforma-
tions such as the time evolution operator).

In order to find the probability for the other two states we write |+—) in the new basis as
|[+-) = % (13) +14)). This leads to an expression for the time evoluted state |a, t)

1
yD=U@)[+-)=—=(I3)+14
la, ) =U @) [+-) \/E(H 14))

= L ex (—iﬂ) [3) + ex (—iﬂ) |4)
V] B W S
H—A H—-3A
= %(e""”ﬂs) +ei“”‘|4>) 8.21)
— % [(e—iwt + ei3wt) |+_> + (e—iwt _ eiSwt) |_+>]. (8.22)

61



8.3 Spin states in time Advanced Quantum mechanics

Now we can calculate the probability

1 . . 2
p=lt+=la,nl*= ‘§(<3| +an(er 13+ 1a))

2

1 —iwt iwt
=|=(e +e
ey
_ 1 —iwt iwt iwt —iwt
- Z(e 13) +e |4>) : (e 13) + e |4>)
— 1(2 + ei4a)t + e—i4wt)
4
1
= 5 [1+cos(4wt)]. (8.23)
Analogously we find
2 1
p=l{-+la,t)| :5[1—008(460[)]. (8.24)
We can summarize this to
0 [++),]—=)
p=+3l+cos(dwn)] = 1-40?** |+-) (8.25)
11 -cos(dwt)] = 4w?r*  |—+)

2.) Solution: We now try to solve this problem perturbatively with H as a perturbation.
We note that H = Hy+ V = V. Using the results from the lecture for zeroth and first order
perturbation, we find that

01(10) =8, (8.26)
. t
i iw,it'

61(11) — _ﬁ/dtlelwnlt Vi (). (8.27)

0

Because Hj = 0 all energy the transition frequency w,; = 0 is always zero. The perturbation
matrix V is just (8.14) in the old basis.

The initial state is |i) = |[+—) = |2). We obtain the transition probability p(i — n) by
pli—n) =120 +cP (02 (8.28)

Let us start with [n) = [+4) =|1) and |n) = |-—) = |4). The zeroth order is obivously zero
because i # n. The first order can be calculated using (8.27). We note that V}» =0 = V3 and
therefore the first order vanishes, too.

Lets move on to |n) = |[+—). We can calculate the first order as

t

W =1 [ qpeont v () Zivr, withw=2 8.29
¢, h/ e1 Li(1) =iwt, withw o (8.29)
0 =1 =Ia
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Therefore the transition amplitude can be written as

pl+=) — [+-)) = 1 +iwt]* =1 -0’

The last calculation is for |n) = |—+) which is in first order
t
(1) I iwpit! . A
=— dt e“n V (t)——12cut Wltha):%
0 = =-2 A

The transition amplitude is then
pll+=) = |-+) = | - i2wt|* = 40 *.

We can summarize the results as

0 [++),1—=)
p=R1-w?t* |+-)
4w? 12 |—+)

(8.30)

(8.31)

(8.32)

(8.33)

The reason why the solution for the |+—) state does not equal the approximation in (8.25), is

that higher order perturbations also lead to more contributions of second order w? .

The approximation is only valid for wt <« 1.
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9 Time Dependent Perturbation Theory cont.

9.1 Dipole Approximation

The validity of the dipole approximation

0 a w

e =1+i—nx+... 9.1
c

relies on the fact that the emission wavelength A is much larger than the typical atomical

dimension. Prove this by relying on scaling arguments.

Hint: Consider an hydrogen-like atom: the radiation hw must be of the same order of mag-

nitude of the atomic level spacing. Use that Raiom ~ ao/ Z and the fine structure constant
1 e?

@=137 =

Solution: We want to show that the wavelength of the typical radiation involved in emis-
sion and absorption processes is much larger than the typical atomic dimensions Raiom.

We start with the atomic level spacing in hydrogen. The energy levels are given by the fol-
lowing formula:

CImetl 1, 51
En__i 72 ﬁ——émec (04 E (9.2)
The typical atomic dimensions are of the order of the Bohr radius given as
h? h
Ratom ~ ap = (9.3)

mee? meca’

The dipole approximation is valid if %ﬁx « 1. If we identify Raom = f2x, then we get for
n=1

w
— Riyom K1
c
~—~—~
Epl(fic)
1 1
= —meczaz— <1
hc meca
1 1
> -0 —<1 (9.4)
2 274

that the wavelength of the atomic levels is much larger than R,om

Ratom

w
—Raitom < 1=>21 < 1= Ratom < A. (9.5)
c
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9.2 Matrix elements of the position of the SHO
Derive the matrix elements (n|x|n") of the position operator x for the simple harmonic os-
cillator.

Hint: First express x in terms of the ladder operators, then use the action of the latter on the
energy eigenstates |n) and the orthonormality of |n).)

Solution: At first we identify the ladder operators that were already given in (1.2) as

a= rg—;)(xH%), aT:JrZ:;)(x—i%). (9.6)

We can easily see that the x operator can be obtained by the following combination of ladder

operators:
1 | 2h "
xX=—\—(@a+a'). (9.7)
2\ mw

We also note the action of the ladder operators on the eigenstates |n) on the SHO
alny=vnln-1y, a'lny=vVn+1|n+1). (9.8)

We can now simply calculate the matrix element as follows

1 2
(nlx|n") = 5\ / m—z <n|a+aT|n'>

= i((nlalrz'>+ <n|a*|n'>)

2mw
h
:‘/—(\/W(nln’—1>+\/n’+1<n|n’+1))
2mw S — [ —
1) o

n,n'-1 n,n'+1

[ h
= m(\/ n’5n,n1_1+ \% n’+15n,n1+1)
[ h
= m(\/ n+15n'n1_1+\/ﬁ6nyn/+1). (99)
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9.3 Radiation from a Harmonic Oscillator

Calculate the power emitted through spontaneous emission from a SHO. (Obviously the SHO
has a mass m, and carries an electric charge e # 0. Otherwise, the solution is trivial) Show
that at the n-th level the mean power emitted is given by

2nhé?w?
p="

. 9.10
3mec3 (9.10)

Compare with the power emitted from a classical oscillator, and see the similarity, if there is
any.

Hint: You need to calculate the spontaneous transition rate from a final state f to a ini-
tial state i, w}’? ". You may make use of the “detailed balance principle” and the well known
forms of the transition rates for absorption and stimulated emission induced by unpolarized
isotropic radiation:

) 4772
R(i — f)*s = wd?fé)(wfi)
, 472
R(f — )" = 3?d?f@(wiﬂ,

(9.11)

where the matrix element of the dipole moment d;y = (f|d|i) and p(w ;) is the Blackbody
spectrum at the emission/absorption frequency.

Solution: We start with the detailed balance principle that was given in the lecture:

Ri—f) _R(f—1)
olwir)  plwr)

(9.12)

This leads to R(i — f) = R(f — i). We now assume a thermodynamical equilibrium. We note
the rate of spontaneous emission as R(f — i). We can then write

Nf(R(f — D)+ R(f — ) = N;R(f — i). (9.13)

We can now insert (9.11) and solve for the energy density p(w; r)

: Ny - :
3R(f—>l):N. NfR(f—>l)
=
2
= owip =~ R~ i) 9.14)
=&, an? Ni
Ny

We can further assume that the population of the energy states follows a Boltzmann distribu-
tion, namely N(E;,) = exp(—BE,) with § = FIT' Then we can rewrite % =exp(—p(E; — Ep)) =
exp(Bhw ;). This leads to

2

pwri)) = ——R(f — 1) (9.15)
d,-zf 4772

exp(Bhw i) -1
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In the classical limit 7 — 0 we expect the energy density to correspond to the Rayleigh-Jeans

law given as
2
Wri 1

2 B

o) = 9.16)

For 1 — 0 we can approximate exp(Shw f,-) =1+ Pwy;. Inserting (9.15) into (9.3) yields

w?il_iﬁﬁ(f ) 1
AP dipax® I+ phosi—1
4(1)3.
SR(f—i)= §h_gdi2f' 9.17)

The expectation value of the dipole moment d¢; can be calculated using the result from Task
1. For f =1+ 1 we can write the expectation value as

h

dyi=(flexli) = e (VA 18001 +V78 41 )
h
2 =2 M 9.18)
fi 2mw i
We can insert this result into (9.17) giving
3 2 2
B 4(1) . 2(1) .e'n
RUf—iy= 00 2 Min 2% 9.19)

L .e =_ )
3K 2mwyp; 3 Sme

Now we can find the emitted power by stimulated emission as the product of the photon
energy and the transition rate R(f — i):
2,3
2nhe‘w i

P=hwsR(f—i)= ————
oriR(f = 1) 3mec3

(9.20)
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9.4 Time-dependent perturbed SHO

Consider a one-dimensional simple harmonic oscillator whose classical angular frequency
iswg. For t <0 it is known to be in the ground state. For t > 0 there is also a time-dependent
potential

V(t) = Fyxcos(wt), 9.21)

where F is constant in both space and time. Obtain an expression for the expectation value
(x) as a function of time using time-dependent perturbation theory to lowest nonvanishing
order. Is this procedure valid for v = w¢?

Hint: You may use (n'|x|n) = v/ h/2mwo(V1n + 18 ps1 + V8 1) (9.22)

Solution: We use again the time dependent perturbation coefficients to obtain an expres-
sion for the time evoluted state |n(¢)) by using that |n(f = 0)) = |0)

¢ = (n|110) = & po. (9.23)

The energy of a harmonic oscillator in the level n is given as E,, = fiwg(n + 3).
The formula for the first order was given in the lecture as

t t

i i i i
cW :——/dr(nIVIIO):—ﬁ/dr<nIeﬁHOTFOxcos(wr)efH°t|0>

" h
0 0
. t . t h
i 922) i - n
=2 [ drer®nm EO)TFocos(a)T)mlxIO)( ) dre'“"" Fycos(wt) On1
h h 2muwyg
0 0
t .
C(l) dr - elon(ein +e—iwr)
! hw
0

J/

t
— l/d‘[ (ei(a)0+w)‘r + ei(wo—w)‘r) — l +
2lilwog+w) ilwg—w) g

ei(w0+w)r ei(wo -W)T ] t

2
0
1 ei(w0+w)t -1 ei(a)o—w)t -1
== +

2| ilwg+w) i(wg—w) ]
(1) FO ei(w0+w)t -1 ei(wo—w)t -1
6 = : + — (9.24)

2mhwy | 1(wo +w) (wg —w)
Now we can express the state |n(¢)) in the Schrodinger picture:
In(0)s = e H 0! | n() = X cn(ne” RHOt |y
= e 290 |0y + & 120 ¢V () 1. (9.25)
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Now, we can finally calculate the expectation value of x as

3

(0 = (n(DxIn(0) = ((01e20" + (1] e2" o} | x(e7290" |0) + 20 eV (1) 1))

= e 0% ¢y (0]x|1) + e’ ¢} (1]x]0) = 2Re [e 7" ¢; (0] xI1)]. (9.26)
Again by using (9.22) we obtain (0|x|1) = % which leads to
) —F, elwoto)lt _ 1 Gilwo-w)t _ |
(xy =2/ >—[e7’ - ( - +— )
2mw 2v/2mhwy\ i(wo + w) i(wo — w)
FO eia)t _ e—iwot e—i(ut _ eiwot
=— +
2muwg wWo+w Wy —w ]
B Fy cos(wt) —cos(wgt) N cos(wt) —cos(wpt)
B 2muwo wo+w Wy —w
Fy (cos(wt)—cos(wgl))(wo—o+ wy — )
T 2mwg Wi — w?

Fy cos(wt) — cos(wgt)
-_-9 . 9.27
m w3 - w? 6.2
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10 Scattering

10.1 Scattering at a potential barrier

Consider a one-dimensional potential barrier with V # 0 for —a < x < a. An incoming wave
from the region I is moving to the right:

e** 4 p(k)e **, x<-a
= 0 (10.1)
T(k)e'™, x>a
where k > 0.
Calculate the solution at t — +oo for the wave packet
_ihk?
wx, ) = | U)W (x)e 2mtdk. (10.2)

Use the stationary phase approximation for the integral and then take the limits to show that
the final result is

Wwix, )= zmme%{gb(%)’ e (10.3)
O T P B G I ST

_ mx
where k = 77

* Interpret physically the result just found.
e Show that I,ol2 +|7/2=1 and give a physical interpretation of this result.
» What are the velocities of the reflected and transmitted waves? Are they the same?

* Does this violate energy conservation? Why?

Solution: We first want to explain the stationary phase approximation. As we want to apply
the limit ¢+ — +o0o, we see that the phase of the exponential term in the integral (10.2) is
rapidly oscillating. The main idea is that only terms contribute to the integral, where the
phase is stationary. So we want to expand the phase around the stationary point as a Taylor
series and then perform the integration.

Lets first consider the case t — —oco. We note, that here our solution of the Schrédinger equa-
tion only consits of the plane wave of the free particle ¥ = e'**. The Integral (10.2) then
becomes

i(kx— % t)

wx, 1) = /(p(k)e dk. (10.4)

We can now try to find the stationary point of the phase by

dg
dk

! do hkyt mx
1 dp _ _Ikot ko = 10.5
W Ak T m TP T (10:5)

70



10.1 Scattering at a potential barrier Advanced Quantum mechanics

Now we can expand the phase around ky which yields

hik2t) 15
(k) = (kOJC— —") 2P ek
2m 2m
mx* 1ht )
T 2ht “om! ~ ko) (10-9

When ¢ is relatively large, even a small difference (k — k) will generate oscillations within
the integral, leading to cancellations. We can therefore extend the integral limits to +oco. We
can also drag ¢ (k) out of the integral by using the fact, that the term inside the integral is
practically zero everywhere except at k = ky. Equation (10.4) the becomes

ht

v(x, 1) = /¢(k)ei(%"f—%m(k—ko)2) dk
j mx? i ht
:elmwko)/e—z%(k_ko)z) dk. 107

The integral boils down to a Gaussian integral for which we know the solution

/ e dx = @ (10.8)
wix, 1) = ei'?Txﬁp(%)\ jzmm (10.9)
e IV Tine

Now let us consider the second case t — +oo. Here, our solution of the Schréodinger equation
consists only of the reflected and transmitted wave. Therefore the integral (10.2) is

i — fx— k2 i e B2
wix, 0 = /([)(k)p(k)el( E-B) dg + /(p(k)r(k)el(kx ) dic. (10.10)
For the first part, the stationary point of the phase is at k;, = — %=, whereas for the second

part we have the same situation as in (10.5). This leads to

i ht

i i ht
¥x :elm(cb(ké)p(ké) / ez m K" Qe 1 (ko) 7 (ko) / e—z%(k—ko>2dk)

-8 B2 o222

We can show that | ,ol2 +7)2=1 by using the fact, that for this time independent problem the
total number of particles in the potential region

a

/\P*‘I’dx: const. (10.12)

—a

The continuity equation ¢ + V. J = 0 tells us now, that the probability current entering the
potential must leave the potential region again. This means that

j(x:—a)éj(x:a), (10.13)
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The probability current is defined as j = % Im(¥*V¥). For a plane wave e** this is

i . . hk
jr=—Im(A*e 5, (Ae**) = —| A2 (10.14)
m m

For the wave in the region x < —a: ¥ = e** + p(k)e™¥* the total probability current enter-
ing the potential region is

hk . .
jlx=-a)= E(Iel’”lz —lp(k)e ¥ 12) = 1-|p|%. (10.15)
The otherwave x > a: Vi, = 7(k)e k* the current leaving the potential region is
jlx=a)= lTe kX2 = |72, (10.16)

Therefore we can conclude

1-1p? =117 = |pP+1?=1. (10.17)
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10.2 S-matrix and transfer matrix

Compute the transfer matrix M and the scattering matrix S for the potential given by:

0, iflx|>a
Vix) = ] . (10.18)
Vo, if|xl<a

Describe their relation and properties.

Solution: For this rectangular potential we can write the solutions of the Schrédinger equa-
tion as
A+ AleTiRr x<—q
P(x) =14 Aelf ¥+ ALe K _g<x<a. (10.19)
AzelF* 4 Age_ikx x>a
Without loss of generality we can assume, that an incoming wave is coming from negative
infinity (A} = 0) with an amplitude A; = 1.

Now we impose a €' condition at the boundary of the potential:
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11 Scattering continued

11.1 Differential Cross Section

The differential cross- sect1on & is defined as the number of particles per unit time scattered
into the solid angle, divided by the incoming particle flux and it quantifies the interaction
of the incident flux of particle with the target. However, the differential cross-section can be
also seen as the transition rate R(i — f) = %’TI Ty; 126 (E r—E;) integrated on the density of final
states n(Ef) = mh—lzf dQ, divided by the incoming flux ji, and solid angle. Show the derivation
of g—g in this case.

Solution: Using the hints given in the task the differential cross section can be expressed

as
do 1
— = R(i — EndE
10 jindQ/ (i — fin(Ef)dEf
1 27
= =\ Tri?6(Ef — Ej)n(Ef)dE
jindQ/ | le (f in( f) f

1 mk;

ind€l h |Tfl| n(E;), n(E;) = ?dﬂ
21 (hk;\~ mkl
=7\ ITfll —27r Isz| . (11.1)

11.2 Scattering amplitude of the spherically symmetric potential

Consider the following symmetrical potential V (r):

0 ifr>a
V(r) = ] ) (11.2)
VW ifr<a

Prove that the scattering amplitude f (k, k') in the Born approximation is given by

2m Vya® [sin(qa)
k k' =-— - , 11.3
flk, k) =——5 G| qa cos(qa) (11.3)
where q = |k - k'|.
Solution: The scattering amplitude is given in the lecture as
n_ _ / (k)
flhe k) = = (k1VIvE). (11.4)
In the first Born approximation we can write )‘I’ik)> as
(\yg’c)> ~(1+GV +(GV)? +..) W) = |¥y). (1L.5)
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ik-x

The input wave is assumed to be a plane wave (x|¥() = e"“* which leads to

m

27 h?
— m 3. ,.igqx ! A
__Znhz/d re?™Vy0®(a-r), qg=k-k x e,

flke, k" =-

/ d3x (k') x) (x| VW) = — / P xe K *y(x)el**

m
2 h?

21

a T
Z—FW;:LZ/d(p/drr2/dﬁsin(ﬁ)e”qlrcosaVO
0 0 0

a -1
m .
:+ﬁVO/dr rz/dcos(ﬁ) gldrcosd)
0 1

a a

m rl, _; . m .
==W draE(e 1"r—el"r):—ﬁvo/errsm(qr)
—_— 0

2sin(-qr)

a . 1
+/—cos(qr)dr
0 q
0
1

=g (—acos(aq)+?sin(04))

.
— COS ri—
(q )q

sin(qa)
qa

__2m V@
- K2 (qa)Z

—cos(qa)|. (11.6)

11.3 Radius of the *°Ca nucleus

Estimate the radius of the #°Ca nucleus from the data in Figure 1 (see below) and compare
to that expected from the empirical value = 1.4 AY3fm, where A is the nuclear mass number.
Check the validity of using the first-order Born approximation for these data.

Solution: We start this task by noting that the differential cross-section 2 is connected to

dQ
the scattering amplitude f(k, k") by

do NV

dQ—If(k,k)I . (11.7)
Here we can see, that the differential cross section vanishes when f (k, k') is zero. In theory
we could observe, that the cross section will be zero for certain angles 9, however, due to
diffraction we only observe minima in figure 1. As a first approximation we can model a
nucleus by a constant potential for r < R and zero elsewhere. This is the same potential as
already discussed in the previous task. We can use the results to find the zero value of the
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Fig. 1: Data on elastic scattering of protons from the nuclei of four different isotopes of calcium. The
angles at which the cross sections show minima decrease consistently with increasing neutron
number. Therefore, the radius of the calcium nucleus increases as more neutrons are added,
as one expects. From L. Ray et al., Phys. Rev (1980)

corresponding scattering amplitude f (k, k")

2m VoR® [sin(gR) |
k, k/ (11:6) = 0 _ R - 0
fk, k) % WRE | aR cos(qR)

1
= Ra sin(Rq) —cos(Rq) =0
= x=tan(x), x=R-q. (11.8)

This is a transcendental equation which can only be solved numerically or graphically. We
consider Wolfram|Alpha which gives the following results:

X1 =4.493, x,=7.725 x3=10.904. (11.9)

We now try to find an expression for g. We assume elastic scattering as state in 1, which
means |k| = |k'|. Using the cosine triangle theorem we find

qg=1q|l= VK2 + k2 = 2kk' cos(9) = kv/2 — 2 cos(9) = 2ksin(9/2). (11.10)
The term k can expressed in terms of proton energy as

2m, E 1
k= P —6,187-10' —. (11.11)
h2 m

We can use our results to calculate R
X X

R=—=———.
q 2ksin(9/2)

The results of this calculation are summarized in table 1. We can compare this result with
the empirical value

(11.12)

R=~1.4-40)'"3 = 4,79fm. (11.13)

We can see, that the Born approximation in first order is indeed valid.
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Table 1: Estimated radius of the “°Ca nucleus from the data of figure 1.

9 Rinfm

xy 7,8 5.34
Xy 14,4° 4.98
x3 20,8° 4.88

11.4 Quantum Scattering Cross Section

Consider an arbitrary but localised potential V (x). Recall from your lecture notes, that the
formula for the scattering amplitude f (9, @) = —27’%2 (k’l T|k>. The task is now to compute
the scattering cross sections from these scattering amplitudes, by employing the “Born se-
ries” up to different orders. In the literature, this process is referred to as the “Born approxi-
mation”.

1. Find out an expression for f (9, ) in the first order Born approximation. Integrate the
resulting expression of f? with respect to dQ over all solid angle dQ, to find out the
cross section o. Express your answer as an integral expression.

2. Move over now to the second order Born approximation. Once again, find the expres-
sion of f (9, ). Find out an expression for o using the Optical theorem.

Compare your answers. Indication: In both cases, your final answer should be:

o= fdf” Ex' Vo Vix )w. (11.14)
h? k2| x — x'|2

Solution: In order to compute the total scattering cross-section we first need to evaluate
the scattering amplitude f(k, k). As given in the task we have:

Flk, k) = 2:;2 (KITIK) = 2;‘1 (kIVIK'). (11.15)

2

The last equality only holds for first order Born approximation

1
T=V+V—V+.... (11.16)
E—- Hy+ie

with T = V. So then we obtain the cross-section by integration the square of the scattering
ampltiude over the solid angle dQ

NV m 2 / /
ak:/ko/|f(k,k)| = ( 5 ;) /ko/(k|V|k)(k|V|k> (11.17)

/ko,f dExdx (K'|VIx) (xlk) (kIVIxX) (X' 1K)

(5a72)
= m ) /dgk,f EPxd®x' V) V) (klx') el (k') (x' 1K)
5er2)

f dgxd?’x’V(x)V(x’)eik'(x_x’)/ko/ elk"-(x'~x)
——
sin(k|x — x'[)

klx—x'|
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This is the cross-section for a given k. So in order to obtain the total cross-section we inte-
grate over all possible k:

1 sin?(k|x — x'|)
Utotalza/dgkak— 2714[ Cxd®x V() Vix )%. (11.18)

For the second part we use the optical theorem to compute the total cross section:

4
Ototal = ?Imf(k, k). (11.19)

This is the special case k = k' of forward scattering.

We can see that the first order Born approximation will give a zero, because Im({k|V|k)) is
zero. For the second order instead we will have

2m 1
Ototal = ﬂlm<lemlk>
o

= 3 3./ ! !
thIm/d /dx(k|V|x>§ IE Ho | >J<x|k)

~G+(xx’)
' 2
= ﬂIm / d3x / d3x' lk'(x_x)V(x)V(x')h—T G.(x,x)
1 eiklx—x'l
CArm |x — x'|
2 2
3 3 sin®(k|x —x'|)
jl'h4 d /d .X'IV(X)V( )W
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12 Scattering continued

12.1 Born approximation
Calculate the differential cross sections in the Born approximation for scattering for the fol-

lowing potentials:

Vi) = Voe @7, Vo(r) = Voe . (12.1)

Solution: 1In order to find the differential cross sections in the Born approximation we de-
termine the scattering amplitude f(k, k')

flk, k') = - ITIk) ~

VIk)

m st . m .
~ 572 d3xe Hxy (r)elk* = ~5o72 /dsxe“"xV(r)

0o -1

:—% dr/rzd(cosf))eiqrcos’? V(r)
0

o0

Lo rsin(gr)V(r)dr. (12.2)

qhz
0

Now we can insert the potentials V) (r) and V> (r). For the first integral we use Wolfram|Alpha
and find:

omVy [ 2
f(k,k')— 0 /rsm qgr)e @ qr = hz 3\/_e p(—q—) (12.3)
0
\/ﬁqexp( q /(4a2))
4a’
The second integral can be computed rather straightforwardly. Lets work out the integral
part first:
[e.0] (o.0]
/rsin(qr)e_“r dr =Im /re(iq_“)’dr
0 0
o o0
=Im ! reld-ar —/ L ela “)rdr]
ig—a 0 ig—a
~ 0
1 (ig— e
= Im | ——— (el
(a—ig)? 0
£ N2 2_ 42 2 : 2
—Im M] S| ECAE2Aq  2ad gy
(az + q2)2 (612 + q2)2 (az + qZ)Z
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This leads to the scattering amplitude

fle, k' = ZH—T%/rsin(qr)e_” dr = 4”;_;”/0 @2 +1q2)2' (12.5)
0
Now we can find the cross sections by using
d ﬁnexp(—q—z) (1)
BA (@ + g)* Va(r)

12.2 Scattering Phase

Determine the scattering phases for scattering at the potential V = A/r? and calculate the
differential cross section for 0 < pA/h? < 1, where u is the reduced mass appearing in the
Schrédinger equation.

Hint: In the radial Schrédinger equation for U; = r f; set u; = \/r g;. The differential equation
for g; should be familiar to you. You will probably meet a sum over Legendre polynomials.
This can be simplified with the identity

Z P;(cosf) = !

_ 12.7
=0 2sin(6/2) ( )

Solution: For spherically symmetric potentials we can make the ansatz W (r, 9, ) = R(r) Y}, (9, ).
We can write the Schrédinger equation in spherical coordinates as

h2
EY(r,9,¢) = —2—A+V(r) Y(r,9,¢). (12.8)
m
We can express the Laplace operator as
_1 i(rzi—Lz) with L?Y},,(9,¢) = 1(1+1)Y;,, (9, ) (12.9)
“r2lor\ or ’ im\V,P) = Im, P). :

Therefore we obtain (the spherical harmonics can be divided on both sides)

ER(r) = [_ﬁ_zilﬁ(rzi_mﬂ)) +V(r)]R(r)
2mr?|or\ Or
- li(er—R) D b 2 e IR = 0. (12.10)
r2dr\ dr r2 h?

Now using u; = rR and k? = Zh—’?E we find the radial Schrédinger equation

du 2m_ L(I+1)
_l+(k2_ﬁv_7)ul:0_ (12.11)
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Now we use the hint given in the task u; = /7g; and insert the potential V = A/r?

d®(v/rg) , 2m_ I(+1)
74_ k _ﬁV_T \/Fglzo_ (12.12)
Using
1 d? 2
_M:_ﬁJrl@Jr% (12.13)
VToodr? 4r2  rdr  dr?
we can find
d’g; 1dg (,, 1 2mA 11U+
— -+ |- = -— g =
dr2  rdr ( 4r2  h2r? re )gl
d’g, dg 1 2mA
2 272 —
rF+ra+(rk—(Z+T+l(l+1) )gl_o' (12.14)
This result looks rather similar to the Bessel differential equation
d&’f  df
2 2 2yp_
X dx2+xa+(x —-a’)f=0. (12.15)

12.3 Ensembles of ; spin systems

1. Consider a pure ensemble of identically prepared spin % systems. Suppose the expec-
tation values (Sy) and (S;) and the sign of(Sy> are known. Show how we may deter-
mine the state vector. Why is it unnecessary to know the magnitude of (S, )?

2. Consider a mixed ensemble of spin % systems. Suppose the ensemble averages [S], [Sy]
and [S,] are all known. Show how we may construct the 2 x 2 density matrix that char-
acterizes the ensemble.

1.) Solution: A pure ensemble consists only of spin 1/2 systems that are in the same state.
A generic state |a) can be described using two angles «a, 8

§|+> +ei“sin§|—>. (12.16)

We can now look at the expectation value (Sy) using the Pauli two-component formalism

B B B B

+lcos= + (—le7@sin £ |S,[cos & |+) + e®sin = |—
(+] 2 (I 2) x( 2| ) 2| )

|a) = cos

(Sx) = (a|Sxla) =

B
a8y | €083
¢ sz) x(elasing
B
B o-iagin B)(0 1)| 083
cosy e smE( )( i ﬁ)
)1 0J{e*sin5
h, . : h
=—(e"+e™%) cosgsing =5 cosasin f3. (12.17)

2%—/
2cosa

COS

SRy

-3l
-3l

%sin(ﬁ)
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Analogously we find

h . cos?
_ B a8
(5,)=3[cost e l“smz)"y(ewsﬁé)
h . 0 —i (:osé
_ 0 B - B
—2(0035 ew‘s1n§)(i 0)(ei“si§§)

B

h - ~ h
= Ei(—e‘“ +e'%) cosPsinP - —sinasinf.

—_—— 2 2 2
2sina —

%sin(ﬁ)

h

2 2

h . 1 0)\[ cos b
- B —iacin B 2
2(cos2 e 31n2)(_1 0)(ei“sinﬁ)

2
= E(cosz b —sin® é) = i_Lcosﬁ.
2 2 2 2

B
E g E o .COSE
2 € sy ) z (ela sin B

=

From the expectation value (S;) we can directly read off
2
B= 7 arccos{S;).

Now we can combine (S,) and (S,) to find

, cos?asin?f 4 (Sy)?
cos®a = TR AR TRV
1—cos*f 1—75(Sz)

(Sx)?
= @ = arccos| *+ = |
B —(s.)?

(12.18)

(12.19)

(12.20)

(12.21)

There is a sign ambiguity between a and 7 — a which can be resolved by the sign of (S, ).

2.) Solution: We can relate the average expectation values [S;] to the density operator

by
[Sil =Tr(pSi).

(12.22)

Therefore we can calculate the average expectation values for a generic density matrix to find

its components

h_ [(a Db\(0 1 h_ (b a\ h
[Sx] = ETI' c dlli 0)] = ETr(d C) = §(b+6)
h_[(a Db\(0 -i ih_ (b —a) ih
[Sy]—ETI‘L ¢ alli O)I—ETI‘(d —C)_E(b_c)
h_ [(fa b\(1 O h_(a -b) h
[SZ]_ETrL c dJ\o —1)] _ETr(c —d)_i(a_d)'

(12.23)
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We also demand, that the trace of the density matrix is one, therefore a+d = 1.

Using these conditions we can easily determine a and d

[S]—E(Z —1)—2(1—261)
sl =5l 2

=> _l(%[5]+1) d——l(g[S]—l) (12.24)
=5\ n'e Y Vit '
Combining [S,] and [S,] we can find
1 1
b= ﬁ([sx] —i[Syl) c= ﬁ([Sx] +i[S,1). (12.25)
12.4 Mixed Ensembles
The density matrix is defined as
p=Y wila’)(a|. (12.26)

If w; =1 for a given i and 0 elsewhere, then the ensmble is said to be a pure ensemble.
Consider a mixed ensemble of spin % systems, containing 75 % of S} systems and 25 % S7.
Calculate the resulting p and the ensemble average expectation value [S]. Consider now that
the S, systems are replaced by systems with S - fi(+), where 71 = cos0j +sin6Zz. Calculate the
ensemble average values now.

Solution: The states of the two systems of the ensemble are

1
la')y =1+, |a2>=ﬁ(l+>+|—>). (12.27)

Using (12.26) we can calculate the density matrix as
_3|+><+|+1(1 1
7 V2 V2

4
3 1
=2 |+) {1 +§(|+><+| +H =+ =+ 1= =D

31 0+11 ) _1
gll 1) 8

40 0
Now we want to compute the ensemble average expectation values. We can use [S;] = Tr(pS;)

(|+>+|—>))( ((+|+<—|))

! 1). (12.28)

4 11

hi_[(7 1o 1] _h. (1 7\_h

BeI=58M 0 1)l O)I‘ETr(l 1)‘5
Bl [(7 10 —i\] ih._ (1 -7

=g ) o) =m0 .
hl [(7 11 0\]_ h. (7 -1\_3h

1S:1=28T1 1)lo —1)]_1_6Tr(1 —1)‘?
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Therefore we can conclude that [S] is
[Sx] 1
h
[S] = ([Sy]) = 5(0)
[S,] 3

S; — §-i(+) = Sy cosf + S sin.

Now we consider the case

We can write this new state in the S, basis as follows using

Sy )= () +il-))

_ cosf (1) (sinf €00 +sinf
Sy cosf+S; sinf = 7 (i)+( 0 )—( \/_1(:059 .
V2

We can now use the formula for the average expectation value

3 1
[Sx] =) wi(Sx)i==(S-NSxIS- Ay +— (SFIS«IS})
i 4 4 M

hi2
cosf
:§(M+sin9 —icosG) 01 vz +501n6 +7_i:7_i.
4\ V2 V2. )1 o ‘C\‘}g 8 8

[ S
-

=0

31 B cosp icoso) [0 1)L +sin6| 1
[Sy) === (%2 +sin6 T)(1 0)(%059 +(S1sy15)

42

v2 =0
3h .
iy cosH(cos@ + \/Esmﬁ)
0
3 h cosG —icosg\(1 O €222 +sinf 1

2 2
= ﬁ((COS@ +sin6) _Los 6) = ﬁisin@(sin9+\/§cosﬂ).
8\ v2 2 8

[Sx] 1
= [§] = ([Sy]) = Z(cos@(cos@ + \/Esine)).
[S] sinf(sin® + v2cos0)

(12.30)

(12.31)

(12.32)

(12.33)

(12.34)

(12.35)

(12.36)
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12.5 Density matrix and maximum entropy (Bonus)

The density matrix of a completely random ensemble is of the form

) 1 0 0
=—lo . o 12.37
p N . ( )
0 0 1

in any representation. This is due to the fact that all the base states with respect to which the
density matrix is written are equally populated. The Von Neumann entropy o can be defined
as

N
o=-Tr(plnp)=- > prelnpik (12.38)
k=1

where the last equality follows if we use the basis in which p is diagonal.
* Prove that for a completely random ensemble o =In N.

* Prove that, subject to the normalization condition Trp = 1, the maximum value for o is

UmaX = 11’1 N.
Hint: use the method of Lagrange multipliers to impose the constraint on the trace of
p.

Solution: First we want to calculate the entropy o for a completely random ensemble. Us-
ing the form (12.37) we find

IXV: In IXV: L In L In L InN (12.39)
o=- kkMPkp =— 2, =Iin—==-In—=InN. -
L LREPrE =" 2 Ty N

1/N 1/N ——
=1

The second proof requires a bit more work. We now want to maximize o, keeping the nor-
malization of p. As given in the hint we apply the method of Lagrange multipliers:

&(p)=0(p) +y (Z Pkk) -1 =) prclnprr+y (Z Pkk) -1|, (12.40)
k k k
where 7y is the Lagrange multiplier. Now we can impose 65 (p) =0
- 1
86(p) =) (5Pkklnpkk + Pkk—5pkk) +YD_ 6pkk
k Pkk k
=Y SprrInprr+1+7y)=0. (12.41)
k
This condition is satisfied, if for any 6 p .«
Inpu+1+y=0 = prp=e ¥ (12.42)
holds. We can now fix the value of y by using the normalization constraint:
N 1
e 0t = :y:—(ln—+1 . (12.43)
k=1 N

With this we find that the entropy is maximum when the density matrix is a random ensem-
ble with pyx = 1/N.
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13 Many body systems

13.1 Identical particle time-evolution

Explain why an initially completely symmetric or anti-symmetric wave function describing
a system of identical particles remains symmetric or anti-symmetric at later times.

Solution: If the initial state vector is symmetric or anti-symmetric it fulfills the following
relation:

Pijlys(t)) = £ |y (f)), (13.1)

where P;; is the transposition operator. For identical particles the Hamiltonian is com-
pletely symmetric and therefore commutes with all possible permutations. In particular
this implies, that the transposition operator commutes also with the time evolution oper-
ator U(t, ty) = exp(—i/hHy(t — tp)) such that

Pijlws(0) = Pi UL, to) |y (t0))
=U(t,10) Pij|ws(t0)) = 2U (1, 10) | W+ (1)) = £ |w+ (). (13.2)
This proves that |y (1)) inherits the anti-symmetry from |y (#)).

13.2 Polarization states

We model the phase of a photon as a two-level system (q-bit) whose Hilbert space is spanned
by a orthonormal basis of two states: |1) and |2). They correspond, for instance, to two or-
thogonal linear polarizations with observable polarization operators:

Pr=11)<1l, P=12)¢2|. (13.3)

1. Provide an example of a normalized pure state for which the expectation value of both
Py and P, equals 1/2, and a two-by-two matrix representation of the corresponding
density-matrix operator in the given basis.

2. Find the density matrix for the most general normalized pure state with the properties
specified in the previous task.

3. The state with partial polarization has the general representation
1
o= 5(]1 +¢-0), (13.4)

where 1 is the 2 x 2 identity matrix, o = (01,02,073) is the vector of Pauli matrices, and
& € R3. For which & is this state a pure state?

4. For which & is (Py) = 1? For which & is (P,) =1?
5. Define the states with circular polarizations:
1 .
|+) = 5(I1> +i[2)). (13.5)

For which & is (P,) = 1? For which & is{(P_) =1?
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Solution: The generic wavefunction for a two-level system can be written as
lw)=cll) + 212y with |al*+lcl* = 1. (13.6)
The density operator of this system looks like
p =2 wilap ail=|y)(y|
i

=(c1 1)+ 2 12) (Al c} + (2l )
= 1P 1LY (1 + coc 12) (1] + ¢ ¢ 11D 2] + [ c2l? 12) (2

2 *
_ (|C1|* CZ C%) (13.7)
c2c; ol

The expectation values of P; and P, can be calculated by using their matrix representation

10 00
Py =1 (1l = (0 0), Py, =12) 2| = (0 1)- (13.8)
We can calculate the expectation values using Tr(p - P;)
lci]> 0 , 1 1 g,
(P1)=Tr(pPy) =Tr 0 0 == 5 =>c = Ee (13.9)
_ [0 0} [ 5, 1 1 e,
(P2) =Tr(pP>) = Tlr(0 |62|2) =\l = > > = \/ze . (13.10)

The most general normalized pure state looks like

1 1 i(a1—-a)
( © ) (13.11)

P =5 eilez—an) 1

In order to determine the vectors & for which the state (13.4) is a pure state we simply need
to demand that p = p?

1 1 1
p%= Za +&-0)1+&-0) = ;0 1260+ &E-0E-0) = S +&-0). (13.12)
We therefore find the condition

1=¢-0& 0= (10, +E200 +E303)°

_[ ¢s fl—ifz)( {3 51—152)
{1+i6r —¢3 J\&1+i6r  —¢3

(13.13)

(€§+€§+6§ 0
0 E+E+&S

We find the condition &7 + & + &5 = 1 meaning that € must be normalized.

In order to find for which & the expectation value of P; or P, is one, we just take the trace

1 !
(P1) =Tr(pPy) = 5(1 +&3)=1 => {&3=1 (13.14)

1 !
(Pp) =Tr(pP,) = 5(1 —-&3)=1 => {&=-1. (13.15)
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In the last task we want to find all vectors & for which (P.) = 1 holds. First we determine the
matrix representations of P..

1
|£) (£l = E(ID +i[2) (1 F1¢2)

1
= E(ID (11 £112) (1 F1I1) (2] +12) €2])

1{1 Fi
P, = E(ii ] ) (13.16)
Now we calculate the expectation value
_ _ 1 1+ 53 51 —ifz 1 Fi
(Ps) =Tr(pPs) = 4“(51 vily 1-¢& J\d 1
1 1+¢&3+ié 1+ x0 ) 1 !
=T . ==(1%£¢2)=1
i r( Fib ey +1-45) T 20 F
=&y ==+1. (13.17)

13.3 Identical particles addition of angular momentum

It is well known that if we have 2 non-identical spin 1 particles with no orbital angular mo-
mentum, then we can have j = 2,1,0. Discuss what happens if the particles now are identi-
cal.

Solution: For two 2 particles we can find the states of total angular momentum by using
the Clebsch-Gordan coefficients already calculated in section 5.3. We print again the results:

m=0 j=2 j=1 j=0 m=1 j=2 j=1
m=1m=-1 1/vV6 1/vV2 1/V/3 mi=1,my=0 1/vV2 1/V2
m=0,my=0 2/V3 0 -1/v3 m=0my=1 1/vV2 -1/V2

m=-1m=1 1/vV6 -1/vV2 1/V3

Because of the spin statistic theorem, spin 1 particles are considered to be bosons. Therefore
their wavefunction must be symmetric under particle exchange j;, < j.. So the states with
j =1 will not survive, as they are antisymmetric unter the exchange, e. g.

1 1
—(1,0)-10,1)) = ——=(10,1) = [1,0)). 13.18
\/Q(l )—10,1)) \/E(l )—11,00) ( )
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