Formelsammlung Quantenmechanik 11

Postulates
I Observables — Hermitian operator A

II Measurement of A = selection of an eigenstate of A

III Probability to measure a for A : P(a) = | (ala)|* = |ca|”
IV Time evolution: |, t) = U |, 0)

V Observables of a system of IV identical particles commute with
all the permutations m € S,

Variance: AA=A— (A)1

Uncertainty relation: <AA2> <ABQ> > i| (A, B)) |?

Schwarz inequality: (ala) (b|b) > | (a|b) |
Canonical commutator: [z;, p;] = ihd;;

Baker-Hausdorff formula: A, B hermitian, A € R
oNB fo—irB

— A+ INB, A + (1;) B,1B, A + ...+ B BB, A]]
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L oxp (i) ex =
Va2 P\ ) TP\ T

Baker-Campbell-Hausdorff formula:
exp(A - B) = exp(A) exp(B) exp (—

Gaussian wave packet: ¥ (x,to) =

Dynamics

Time evolution operator: U(t,t0) = exp(—%H(t - to)) (time in-
dependent H)

[H(t1), H(t2)] = 0 = U(t, to) = exp <_;i /t ar H(T))

Dyson Series: (non- commuting H( )

Ul(t, to) = 1+Z /dtlfdtg / dt, H(ty)... H(t,)
Correlation amplitudes: C(t) = Z exp(f%Eat) |Cal?
Schrédinger picture:
state |a) — Uy o)
observable A and eigenvalues a are time independent
Heisenberg picture:

A 1
observable A — Ag(t) = U AgU; according to da _ [A, H|

dt ik
state |) time independent, eigenstate |a) — U |a)

Probability flux: j = %Im(\lf*ﬁ‘l’)

Continuity equation: p + V -j =0 with p= |\If|2
aS

Hamilton-Jacobi: —— =

1 = 2 . . i
5t %|VS| +Vw1th\11—\/f)exp(ﬁ5)

Propagator: K (xz,t,’,0) Zua x)uy(z exp( hEat)

(o1 F0) = ih—F(p),  [pis Gle)] = =i -Ge)
Ehrenfest theorem: map (@ (x) = — <6V(m)>

Harmonic oscillator

2 2, 2
Hamiltonian: H = 2 + mw T _
2m 2

Ladder operator: a =

a'la=N, [a,a']=1,[N,a'1=da',[N,a] = —a
a'ny=vn+1iln+1), aln)=+vnln—1)

Electromagnetic fields

Lagrangian: L(&,x) = %ma'c2 +%A4.0— ep
c
. . 1 e \2
Hamiltonian: H = — (p — 7A) +e¢
2m c

10

Gauge transformations: A — A + VA ¢ — ¢ — f—A
p2 e

Minimal coupling: H = o +¢pwithp—-II:=n—-A
m c

Symmetric gauge: A = g(fy,x,O)

Landau gauge: A = B(0, z,0)

Spin 1/2 systems

. . _ 1 0 _ _ [+
generic state: |a) = (O) (+]e) + (1) (—|a) = (c)
o (o1 (o =i (1 0
Pauli matrices= o, = (1 0),0y = (i 0 ),az = (0 1)

0’2217 [O'i,O'j} ZQiaijk0k7 {O'»;,O'j}ZQ(Sij7 O';r:O'i,
deto; =1, Tro; =0
h
Se = S(IH) (= + =) (H), 1S3 %5) = 7 () £1-)
Su="2(=) (+H = 4 (=D 1S55) = —=(14) £i]-)
Yy 2 ’ Y - \/5 1
h
Se = SR I+ (D), [Sz5) = 1£)
Angular momentum
Ladder operator: J4 = J, +1iJy
[J%, 7] =0, [Jo,J ) =2h., [J.,J&]=+hJs, [J&J?]=0

JP=JyJ 4+ J.(J. —h)

Eigenvalues: J? [jm) = h*j(j + 1) [jm), J.|jm) = hm|jm)

(5'm|Jxljm) = hn/(G F m)(j £ m + 1)hd;506mrm1

Two basis: |jijamime) and  |ji1j2im)
Z |j1j2mamz) (j1jamama|jijajm)

mi,m2

[71j2gm) =

Clebsch-Gordan coeff.

(j1jamimaz|j1j2jm) = 0 unless m = m1 + ma
(jijemaima|jijemime) = 0 unless |[j1 — j2| < 7 < |j1 + Jo|

Z (jrjamamaljijagm) (jrjamimaljijagm) = Omym!, Omgmi,
j,m
Recursion relation to build CG-coefficients:
VG Fm)G £ m+1) (mims|jm +1) =
VG Fma + 1)1 £ ma) (ma F 1,ma|jm)

+/ (2 F ma + 1)(j2 £ ma2) (m1, ma F 1|jm)




Tensor operators

Spherical tensor components T, q(k) transform like Yj—g, m=q

ik = Z T(k)y(na)

q=—k

[Jz7Tq(k)] = FLqTq(k)7 Vector operator: [Va, Jp] = i€abe Ve

Wigner-Eckardt theorem:
(lk; mq|lk; U'm”) <n'l/||R(1)Hnl>
20+1

<n’,l/,m/|Rék)|n,l,m> =

Time independent perturbation theory

Notation: Ex = Ey + Z /\kék7 |EA> = |E0> + Z |’I7k>

k>1 k>1
Recursion formula: (Ho — Eo) |[Ex) = (Ex — Eo) |Ex) — AV |E))
(Eo|V|EN)
Ey—FEy=A\——7———+-
YT T BBy
eigenvalue correction: oy = (Eo|V|nk—1), 01 = (Eo|V|Eop)

k—1

eigenstate correction: |n,) = Ro(Fo) Zch [mk—1)—Ro(Eo)V |nk—1)
J

Ho— Eo)™' Ho#FE

Resolvent Ro(Eo) = (Ho 0) o7 Eo

0 Ho = Ey

En=EY + 2B} + NEP + 0(\?)
(e

= B + XD VED) 422 @

k#n

+0(\
_ E](c()) (

W) = U2 3 |Ul2) + 0 (3%)
<\I,(0>W|\I,<0)>

— |w?) +/\Z N o on 7)) +o(x?)

dE,

doa

Feynmann-Hellmann theorem: <n| % |n> =

2 2 2
Virial theorem: PN _ /vy
2m 2

Degenerate case

1. Identify degenerate unperturbed eigenkets and construct the
perturbation matrix V'

2. Diagonalize the perturbation matrix by solving, as usual the
appropriate secular equation.

3. Identify the roots with the first order energy shifts. The base
kets that diagonalize the V' matrix are the correct zeroth-order
kets.

4. For higher orders use non-degenerate perturbation theory, ex-
cluding all contributions from the unperturbed kets in the de-
generate subspace.

p4

8m3c?

6rel _ _lmCQOé 3 4 n
T2 a4 412

Relativistic correction: Hyo) = —

. b . ah® 1
Spin-orbit interaction: Hso = —p - B = —
2m2c r3
so_ 1 ot l j=1+1/2
01 = =—mc ]
2311+ 1)1+ 1/2) | -(1+1) j=1-1/2

Time dependent perturbation theory

Interaction/Dirac picture:
la, t), = eXp(%Hot) la,t) g, Ar(t) = exp(%Hot)As exp(—%Hot)

Heisenberg time operation: dd—fi[ = E[AI’ Hoy)

. i
Perturbative ansatz: |a), = ch(t) exp(—ﬁEnt) 7)o

n

1

Transition frequencies: wpm = ﬁ(En —En)

Equation for C,(¢) : ihC’n(t) = Z ety O (t)

m
Perturbative ansatz: C,(t) = C’,(L0> + )\C’fll) + )\207(12)

Time evolution in Dirac picture: |a,t); = Us(t, to) |, to),

Us(t, to) = e/M0ty (t, to)e /Mot
O(X°) : € = (n|1]i) = 6ns
() 0 = = [ ar alvily
_ —%/drei“’”” Vi), wn = y
Transition probability: p(i — n) = | (n|Uz|i) |2 = |C,(LO) + ... \2
Harmonic pert.: C{Y = A,,; L f;(j:ji:;)t Iy 1%5:?::;”

1
lim —P(i — n)
t—o0

Transition rate: R(i — n) :=

2
Fermis golden rule: R(i — n) = %|Am~|25(ﬁw —Ei+E,)

. . R(i—mn)
Detailed balance equation: =
p(En) p(E:)

42 5 w(wyss)
R

R(n — 1)

Stimulated emission: R(1 — f) =

4wmn 2

3 hed "

Spontaneous emission: R(m — n) =

Scattering processes

Generic compact potential between —a < z < a

Aeikz +Befik:c T < —a
U(z) = \I’I‘I(ﬂCyD)' —a<z<a
Fe* + Ge™* " g >a

. (FY _ A (& 7n
Transfermatrix: <G> T(B)’ T = (77* §*> € SuU(1,1)

probability conservation: |p|* + |7|* =

S-matrix: (g) =5 (é), S11 = 7, S21 = p is unitary

Uo(x) + /G(w — ") xu(x) Bz
W) = [60) + [ oo g 160) (051 V92

1 ej:ikr

Lippman-Schwinger: ¥(z) =

Green Function of Helmholtz equation: G4 (r) =

i)

CAr o

T-matrix: Tpa := (¢s|V|Va), T k)=



1

Born series: T=V(1-G-V)™", G= FAn
—Ho+1i

<k’\V|\I/(k)>
3 7 —1k: !
27TFL2 /d

First order Born approximation (q =k—K)

')

h2 /rsin(qr)V(r) dr

0

2m

S ) = o

(k)
|V|\I!+ >

fK' k) =

—5- h2 o (K VIk) =

Forward scattering: ¢ = |q| = 2k sin(9/2)

2
Fermis rule for T-matrix: R(i — f) = %|Tf¢|26(Ef — E;)

Cross section: % \f| X |Tf1|
do 2mzZZ'ée? 1
Coulomb scattering: E = 72 16/ sin® (9/2)

Partial waves

Z R;(r)Pi(cos )

ZQZ—I—lPlcosﬁ) 1(216’—1)

?v\H

ei91 sin(8;)

4
Total cross section: o = % zl:(ﬂ +1)sin” §;

Optical theorem o = 4% Im(f(¥ =0))

Determination of phase shift: Assume a potential with compact
support, then apply junction conditions at the boundary

R = ey (ji(kr) cos 6 — nu(kr) sin &)
: kaji(ka) — Biji(ka) rR’
Phase shift: tan & = _
ase shift: tan g = -— i (ka) = Buji(ka)’ B, all

Statistical Quantum mechanics
N

Ensemble average: A := Z w; {oi]Ala) = Tr(pA)
=1

Density operator: p := Z w; |as) (ol
Properties: p = p', Tr(p) = 1
Pure ensemble: p° = p, Tr(pZ) =1, eigenvalues 1,0

7[p,H]

Z Prk In pry

Time evolution: ih0:p =

Entropy: o := —Tr(plnp) =

Many body systems

Heisenberg principle: Identical particles are indistinguishable

Permutation operator: Pi2 |[12) = |21)

Properties: P2 =1,P =P ' P = PT, eigenvalues +1

Observables commute with the permutation operator [A, P] =0

(Anti)symmetrizer operator: Py = %(]L + P)
Slater determinant: ¥_(x1,x2) = %det (gig;% gzgi;D

Transposition op.: Pj a1 ...ai...a;5...an) =|a1...65...0;...an)

3

Properties: P;; = (Pi;)', Py = (Py) ™", P} =1,
[Pij, Pua) = 0 # j # k # 1, PiyPi = PiPij j # k

1
Total (anti)symmetrizer: P = il Z (&)™ Py

ﬂGSn N
N-particle wave function: Ue = \/7 Z &' P H\I/ Tr;)
TESy i=1

Spin statistic theorem: Particles with (semi)-integer spin are
(Fermions) Bosons.

Wavefunction of two electron system:
1

U (x1,T2) = dooXoo + Z O1m(T1, T2)X1m

m=—1

Variational method: Estimate the ground state of a Hamiltonian
Guess }()> ~ |0). Then an upper value for Ey ist given by

H = (0|H|0) > Fo.

Supplementary

1 0 0 cosa 0 sina
Ri=[0 cosa —sina |, Ry = 0 1 0
0 sina cosa —sina 0 cosa
/ dpe—oe” oate \/fexp ( + c)
a 4da

oo

- 1 /7 b?
2 azx +bz+c_7 o 2 v
/d:vx —41/a5(b +2a)exp<4a+c>

—o0

2 axr® __ 1 ™ 4 —ax® __ 3 ™
/ dzx’e 5V @ dzzx’e =iV
. o 1 — cos(2a) 2 1+ cos(2)
sinffa=—7"-"—"-+ cosSSa=———-—
2 2
dzsin®(z) = i(x—smxcos x), dz cos™(z) = §(I+s1nmcosw)
3 Zr 1
N, _zr -
o=y e (Ve
A Zr Zr 1
Waoo =4/ o3| —— +2 5\ =
2007y 8ag( w T )eXp( 2ao) ir
Z3 (Zr Zr 1
Waig = — —— |4/ -—cos .
o0 =\ rag (o) o (2 )y s
19,0 1 90 d I
A= —— — in ¥ — )
r2 Or (T Br) + r2sind 89 (bm o0 + r2sin? ¥ Op?
. 1 .
m=1 —1/ 3 singe™®  — 15 sin® cos det'?
8T ™
1 3 5
= — ) — cos®d \ | — 29 —1
m =0 i 7 8 T6m (3 cos )
) 1 )
m=—1 3 sinde™? o sin ¥ cosde” ¥
8T 87




