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1 Introduction

Why do we do Thinfilm Optics? In order to describe the transmittance and reflectance of a
surface, we use FRESNEL'’s equations where we define transmittance and reflectance as
I I
Ri="L and T:=-

I, A

(1.1)

where I; and I, are the transmitted and reflected intensity and I, is the incident (german.
einfallend) intensity. For glass (n = 1.5) and normal incidence we find a reflectivity of R = 4 %.
For many surfaces the transmittance is much more reduced. Thus, there is a need in manip-
ulating the reflectance. In order to enhance/reduce the reflectance we need to establish a
high/anti reflective coating.

1.1 Symbols, Definitions, Conventions

In this script we use some special conventions which are listed in the following:

e A, c - wavelength/speed of light in vacuum

27nc
* w - angular frequency (w = - = 2mcv)

>l

e v -wave number v =
e E-photon energy E = hw = hcev.

It should be mentioned that v is not the frequency but the wavenumber with units of inverse
metres. As a rule of thumb we can say that wavenumber and energy can be related as

1.24

1
1eV=8065— and A[um]=
cm

The different spectral regions of electromagnetic radiation are summarized in table 1.

Table 1: Spectral regions of light.

name A v,E

microwave MW >1mm

terahertz THz 0,1mm...1 mm

farinfrared @ FIR 50pm..1mm  10/cm...200/cm

mid infrared MIR 2,5pym...50pm  200/cm...4000/cm
near infrared NIR 0,7pum...2,5pm 4000/cm...14300/cm

visual VIS 04um...0,7um 1,8eV...3,1eV
ultraviolet UV  10nm...400nm 3,1eV...125eV
X-rays X <10nm




1.2 General problem of light-matter interaction TFO

We also want to use the convention that the electric field E is defined as

E(r,t) = Eggcos(wt—k-r+0dg)

Enn s .
= %e—lﬁoe—l(wt_k'” +c.C. (1.3)

Thus, the complex refractive index 7 is given as 71 = n + ik.

1.2 General problem of light-matter interaction

The general problem of the interaction of light and matter can be visualized in the following
sketch:

input material output
Eye-i@i=km) geometry Eei@st—ker)

Figure 1: Scheme of light-matter interaction

There are two different approaches to tackle this problem:

e Forward search: For a given input and system one concludes the output. This leads to
a design taks, where we have to find our dream material. For a design task a solution is
not guaranteed, however, many solutions are helpful in practice.

* Reverse search: For a given input and output one concludes on system properties.
This leads to a characterization task, where the output is a measured quantity. For
a characterization task a solution must exist, however, for the case of several solution
we have to identify the physically meaningful one.




2 Material equations in linear optics

2.1 Linear dielectric susceptibility

At first, we want to discuss the linear dielectric susceptibility. For a homogeneous, isotropic
and non-magnetic media we can define the dielectric displacement vector as

D=¢yE+P with P(t)zgo/)((T)E(t—T)dT, 2.1
0

where P(t) is the polarization and y(7) the response function (real) containing the material
information. In frequency space we can relate polarization and electric field via

1 .
Py=y(wE, with y(w)= —/ (e “'dr. (2.2)
0=X 0 X N J X
The response function y(w) is then w-dependent and complex. Now we want to relate the
dielectric displacement with the electric field
Dy =¢epe(@)Ey with ew)=1+ylw) = n=velw) =n+ik. (2.3)

Furthermore we can introduce a damping coefficient a in the material as

2
a=4nvk = ka. 2.4)

2.2 Commonly used dispersion models

In order to model the frequency behavior of the refractive index we want to look at the po-
larizability p = aE. In the classical Lorentz oscillator model we find

q° 1

2_ 2 _oio
E0M wy — w° - 2wy

(2.5)

a(w) =

Now we can relate the macroscopic dielectric function with the microscopic polarizability
using the relation

e-1 Na . . .
—— = —— Clausius Mosotti relation. (2.6)
£+2 3
We can derive this equation by looking at the macroscopic polarization as a function of the
local electric field

P = Nplnd = NaElocal. (2.7)
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The local electric field strength at the atom is the superposition of the external field E and
a polarization field E; (Lorentz field) created by polarization charges on the surface on a
sphere around the atom. This field is given by

p (e—1Deg e—1 E+2
Efi=—=—""E = Epa=|1+ E= E. (2.8)
380 380 3 3
Substituting this into equation (2.7) and using P = gy(¢ — 1) E we find
E+2 e—1 Na
P=¢cye-1)E=Na—E > ——=——. (2.9)
3 E+2 3
From that we can deduce the dielectric function as
N Ng* w2
a
fw) =1+ ——=1+—5—2"—— with @}=0j-—L. (2.10)
-5t 0 — w? - 2iwy 3
Here we defined the plasma frequency w, as
N 2
w3y ==1 @.11)
Egm

In general we can write the dielectric function as a free space part and a bounded part, influ-
enced by the oscillator strengths and resonances of the bound atoms
2

w
____pfree o fi
ew)=1 + wpyboundz T (2.12)

w? = 2iwy ;W

absorption

Sellmeier

vibrations

Figure 2: typical absorption behavior in dielectrics.

Tauc-Lorentz-model

This dispersion model was developed in 1998 by Jellison. Here we combine the Tauc rela-
tion
(hw — Egap)2

Im(e) o« ———=—0i — Egap) (2.13)

(where O describes the HEAVISIDE function) with the Lorentz model mentioned in equa-
tion (2.7). The Tauc relation gives us zero absorption if the wavelength of the photons is
below the optical gap of the medium. The combined model is then
(hw — Egap)2 1

(Wo — w)? + 4wy

Im(€) 5 O (hw — Egap). (2.14)

The Tauc-Lorentz curve is compared to the Lorentz-model in figure 3.
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Im(e) —— Lorentz Im(e)

—— Tauc-Lorentz

FWHM
2vV2In20

Figure 3: Left:Comparison of the absorption (Ime¢) for the Lorentz model and the Lorentz-Tauc
model. Right: Brendel model. The Gaussian envelope is modulated by several Lorentzian
lines.

Brendel model

Another class of models makes use of inhomogeneous broadening effects (e.g. Doppler
shift). Now we replace the sum in equation (2.12) with an integral and write
x 2

w

_ p
ew)=1+ / w(é)—éz—wZ—Ziwydf' (2.15)

—00
The most popular of such models is the Brendel model (1992) where we have

2

® 2
! /exp((g( @) ) % 4. 2.16)

fw)=1+—
(@) V21 202 )& —w?-2iwy

This function describes a broad Gaussian curve centered at @wg with several Lorentzian’s in-
side. We can now distinguish three different limiting cases:

* vy > g: Envelope collapses into a single Lorentzian line.
* ¥y < 0: The Lorentzians become Delta-functions — Gaussian line.
* v = 0: We obtain a Voigt line.

In order to merge the idea of inhomogeneous broadening with possibility to model a thresh-
hold for the dielectric function we arrive at the -distributed oscillator model published by
Wilbrandt in 2017

W(&) o

Al Bl
{(5 0wy =9 {eawp), AB>0 2.17)

5 ¢ ((l)a; (Ub)
We can combine asymmetry with absorption edge modeling. This is the most flexible model,

however, we have a total of six free parameters (4, B,w,, wp, 7, global proportionality con-
stant).




3 Impact of real structures

3.1 Material mixtures: simplest model

We now want to consider mixtures of different materials. The simmplest way to model such
a mixture is a binary mixture of two materials with corresponding dielectric constants &;
and &, with a volume filling factor p; = % and p; = %, where V is the total volume of the
material. As a first guess we might assume that the total dielectric constant may be

2

E=P1E1 + P2Ea. (3.1)

In order to check if this is generally true we perform a Gedankenexperiment of a binary mix-
tures with thin layers of alternating material. If we place this dielectric into a capacitor the
total capacity will be

A
C= 8083. (3.2)

If we align the material layers perpendicular to the capacitor plates, we can assume this to

+ - + -

NN EN AN AN

’

Figure 4: Left: Horizontal arrangement. The total capacity can be obtained by adding the capacities
of every small layer. We have a parallel connection of capacitors.
Right: Vertical arrangement. We can model this as a series connection of capacitors.

be a parallel connection of several capacitors
C=Ci+C+Cy+... > E=P1E1 T P2E2 =E). (3.3)

However, if we align the layers parallel to the capacitor plates, we instead assume a series
connection of capacitors

1 1 1 1 1 E1€
e Y N

L1 =—" (3.4)
cC G G E & & &1 p1€2+ p2£1

We observe that geometry of the material does matter. For a small mixing like p; < p, or
p2 < p; the linear superposition ¢ is a reasonable approximation.
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dielectric constant € —f

p2

1

Figure 5: Dielectric constant € of a binary structure for a parallel and perpendicular geometry. The
curves ¢ and ¢ are called WIENER bounds. The dielectric constant for different structures
lies in the area between these two bounds.

Lorentz-Lorenz mixing model
In this model we generalize the Clausius-Mosotti relation for a material with different polar-
izabilities

e—1 1
~—— =Y Nia;. 3.5
E+2 3; t (3-5)

For a single material in the mixture we still have

Noa; €;—1 3 g—-1
L=t o= — . (3.6)
3 Ei+2 Noei+2
If we now insert (3.6) into equation (3.5) we obtain
e—-1 N; ;-1 e—1 g;i—1 .
— =) — = = ; with E =E+E 3.7
E+2 S Npgi+2 E+2 Zi:plei+2 focal L 5.7
—~—
pi
For a binary mixture we find
8—1_(1 )81—1+ er—1 (3.8)
e+2 p2 £1+2 p2£2+2. '

For a thinsolid film we may assume that material 1 consists of pores and material 2 is the
solid material. Then we call p; = 1 - p, = 1 — p the porosity of the thinfilm and p, = p the
packing density. If the pores are empty we have £; = 1 which implies

n2—1 ni—l

n2+2:pni+2' (5:9)

We observe that for increasing packing density (and corresponding mass density p) the re-
fractive index increases linearly aswell g—z > 0.

10



3.2 Columnar structure TFO

3.2 Columnar structure

A closer description of reality is the columnar structure. However, we need a generalization
of the Lorentz-Lorenz formula to a cylindrical geometry. In contrast to equation (2.8) the
local electric field in a cylindrical geometry is

pP e+1

Ejoca =E+—=——-E. 3.10
local 260 2 ( )
Analogous to equation (2.9) we arrive at
e+1 e-1 Na
P=¢cyEe-1)E=Na——E > ——=——. (3.11)
2 e+1 2

For a material mixture we can again write this as

n%-1 )ng—l n:—1 512
2l P pn§+1 '

For room temperature the pores may be filled by water (n(z) =1.77) whereas at T > 100°C they
are filled with air (ng = 1). This means the refractive index of a thin film is typically falling for
rising temperatures

0
n(T = 100°C) < n(T = 23°C), a_; <0. (3.13)

This thermal shift, however, is influenced by the porosity of the thin film.

3.3 Simple treatment of mixtures with metals

We now want to apply the two different € : —
bounds for a material mixture —-y
€| = pP1€1 T p2€2, :
€1€2 . €1 1 : P2
g, =—— with pi+p2=1 € | : ]
p1€2+ p2£q
(3.14)
on a metal. We consider a dielectric (¢ > 0)
and a metal € < 0 which can be described by
the Lorentz model (with wy = 0) Figure 6: dielectric function of a metal.
2 2
w )
g=1-—"P =1-—L2. 3.5
W? +2i0Y |5y w?

11
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Example: metal island film

As a simplest system we assume a simple island film at d< A

normal incidence. Over the dimension of the extension

of a single metal island we can assume that the elec- w
tric field is homogeneous if the diameter of the metal
islands is d < A. The surrounding medium should be
air €1 = 1 and the metal has €, = €,,. We are searching for frequencies where the mixture has
a strong response (¢ — oo). Then we find

Figure 7: Metal island film.

e-1 Em—1 Em—1 +2
= pEm m >e, =212 (3.16)
E+2 Em+2 Em+2 1-p

Since we are at resonance we can write

w
Em=———=1-—"L = a):\/l—p\/—g. (3.17)

For p — 0 we find w — w,/ /3 which is the resonance frequency of a single small metal in
air. This coincides with the expression of a localized surface plasmon excitation in a small
metal sphere. If we have a nonzero filling factor p the resonant frequency (3.17) shifts to the
visible spectral range. Thus the metal island film may appear colored. Only for a full metal
film (p — 1) we would have w5 = 0 as we always assume in the Lorentz model for metals.

Let us introduce a modification in the system, that the metal islands are not surrounded in
air but in a dielectric material €; = €, (host). Then the Lorentz-Lorenz equation states

-1 Em—1 ep—1
:p +

E+2 Em+2 Ep+2

epn—1  ep—1

with € — o0

1-(1- = . 3.18
( p)£h+2 p£m+2 ( )
ﬁ:lirte
Again, for a single metal sphere we assume p — 0, then
002> +2=0>3-—=0>w=——. (3.19)
Em+2 w? V3

This means the dielectric constant of a single metal sphere does not depend on the proper-
ties of the surrounding medium. However, one would normally expect that for higher ¢, the
movement of the charges in the host material would be slower and the resonance frequency
would go down. This can also be verified experimentally. Thus, our theory is incomplete.

12
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3.4 General approach to material mixtures
3.4.1 Model calculation: Field in in polarized sphere

We now consider the field in a polarized sphere in elec- £
trostatics in order to resolve our problem of before. We

€
assume a quasistatic condition with A > 2R. If we have ! r
a homogeneous field inside the sphere we have
0
p1(r)=—-Er R
r E
(Pz(r):—E2r+A E2—3
r E
~—— 2
dipole moment
A Figure 8: Geometry of a single metal
= —Egr(l - —3). (3.20) flm.
r
Outside the medium we assume a dipole moement ¢ =
ﬁ % where d « E. At the border the potential should

be continuous

(R) = 0,(R) = —E; = E(l A) . A B (3.21)
1 =2 1= 2 3 73 Ez' .

Furthermore we demand that the perpendicular component of the dielectric displacement
should be continous

2A
Du_ :DZJ_ = £0£1E1 :£0£2E2(1+F)

E
> E=6E)(1+2 —ZE—I) =3e9Ey, —2e2E;
2

= (€1 +2&9)E1 =3&3E). (3.22)
Finally we arrive at
€1 +2¢
S By ) (3.23)
36’2

which can be compared to (2.8).

3.4.2 General mixing formula

Let us now imagine a medium that is composed of a host material ¢, and different kind of
inclusions ¢ ;. Now the generalized Lorentz-Lorenz formula states

E—E&p

Eji—€n
=Y p = (3.24)
E+2¢y F €j+2¢ep
Now we raise the question what happens if the inclusions fill the space completely and

>_j pj = 1 implying that we do not have a host material. There are different approaches:

13
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e Lorentz-Lorenz mixing approach: Assume loosely packed materials. We can use this to
model small-scale surface roughness

e—1 8]'—1
ep=1 > —= ;
h Z"’9]2;“]'+2

(3.25)

* Maxwell Garnett approach: The host material acts like one of the mixing partners. This
is applied for guest-host systems (metal island films).

Ej h
i#o “EiteER

E—Ejo -€

Ep=¢€;j
h 70 E+2¢ jo
We can take the Maxwell Garnett model to check, whether or not the single sphere

embedded in a dielectric now has a resonance that depends on the optical propertiers
of the dielectric:

E—€yp Em—Ep Em—€n
= > £—oo0o>1=p——
e+ 2¢y Em+2€p Em+2€p
w wp
:sm+28h:O:>1——2+28h:0:1+2£h:—. (3.27)
w w?
Then we find
Op f 1 Op (3.28)
w=——— for gp=12>w=——. .
JI+2e, h= V3

We can see that < 0. This effect is used in immersion spectroscopy.

* Bruggeman EMA (effective medium approximation): We can model a molecular mix-
ture where no host/guest functions may be attributed to any of the mixing partners.

—8

e=¢gp, = 0= Zp] (3.29)

€]+25

14



4 Interfaces - Fresnel equations

4.1 Motivation and first considerations

We want to model a system of two media with a plane, flat surface and want to describe the
reflectivity and transmittance. We can calculate the reflected and transmitted fields using

ni
I I —i(wt-k-
Ejy=E2 el T ' . E = Ege @7kT)
[4 .
Hj1 = Hj2 x H = Hye i@t-k1)
n3
boundary
conditions

zY J/It

Figure 9: Model of our system: For z < 0 we have medium one n; and for z > 0 we have medium two

ny with a plane, flat surface.

MAXWELL’s boundary conditions of the parallel component of electric and magnetic field

(c.f. figure 9). Assuming a non-magnetic medium we can express FARADAY’s law as

VxE B oH _, H
= =—lyg— —iw .
ot #Oat Ho

Furthermore we can write V x E as
VxE=|0x 0y 0z|=ilkx k, k.| =ikxE
Ex Ey Ez Ex Ey EZ

. w N .
=>wuH=kxE with k= Zne , € propagation vector.
Finally we find the following relation connecting magnetic and electric field

n
H=—exE.
HoC

4.2 Special case - normal incidence

(4.1)

(4.2)

(4.3)

First we only want to consider the case of normal incidence onto the interface. Without loss

of generality the electric field is then considered to only have a x-component.

15



4.2 Special case - normal incidence TFO

E
We can now write the magnetic field H as E= (0)
PO N 0
ex ey ez }
H=—|0 0 #1|. (4.4) . ke -
FClE 0 o 1 T
l X
For the three different components we then obtain 2 t
n . n . . n o . +
H,= —E.&, H;=——E@, H,=-—E#&,. z
HoC HoC HoC

Figure 10: Schematics of the problem

Now we demand the continuity of the normal compo- of normal incidence.

nents of the electric field
_ E, E
E1=Ej2=>E.+E =E; with t=—,r=— = 1l+r=t (4.5)
E,' E,

Hy1=Hj2= nE,—mE; = mE;

4.5
=>n—nr= ngt(:) na(1+r)
=>m —ny =r(ny +ny). (4.6)

Now combining (4.5) and (4.6) we find FRESNEL’s equations of normal incidence.

Fresnel equations for normal incidence

n—n 2n
- 2 and t= !

4.7)

r= .
n+np n +ny

We want to add some remarks to these equations. First, we note that the intensity I is pro-
portional to the square of the modulus of the electric field giving us a reflectivity of

2
=4%. (4.8)

1-1.5
1+1.5

ny -y |?

R=r|*=

A

n+n

forglass (ny=1,n,=15) R= ‘
Note that the refractive index may be complex. For example, let us consider a boundary
between air and a metal 1, = n + ik with n < k. Then we have

2 (1-n)?+ Kk
1+ n)2+k?

1-(n+ik)
1+ (n+ik)

=1=100%. (4.9)

n—0

This is the classical metallic reflection.
For low frequencies w — 0 we can model the reflection on a metal by the HAGEN-RUBENS

formula
8epw
=1- , (4.10)
w—0 O stat

where o, is the static conductivity. Furthermore we note that since r = Ir|el? we have a
phase shift if n; < ny

R

m<ny = r<0,¢p=m. (4.11)

We also notice that ¢ and r may be complex, while T"and R are real with T+ R < 1.

16
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4.3 Oblique incidence
4.3.1 Fresnel formulas

We now want to generalize formula (4.7) for oblique an- () r)
gle angles on the surface. We assume that the plane of

incidence is the xz-plane. For this scenario we have to !
consider two different cases: @
n
* s-polarization: E | incidence plane 1 y
0 Hx ny E *
E;=|E|,H;=| 0 | TE-wave !
0 Hy [ ¥,
e p-polarization: E || incidence plane
E, 0 Figure 11: Geometry for oblique inci-
E;=| 0 |,H;=| H| TM-wave dence.
E, 0

We want to perform the following derivations for s-
polarization. Using the boundary conditions Ej; = Ej2 we find E, + E, = E; and subse-
quently 1 + r = t analogous to (4.5). The boundary conditions for H lead to

Hy1=Hj> = Hex+H;y=Hy. (4.12)

The unit propagation vectors can be read from figure 11

sing sin¢g siny
e.=| 0 | e 0 , €= 0 | (4.13)
COS —CosQ cosy

Using equation (4.3) we can calculate the magnetic field as

ny . n . m N
H,=—e,xE=—-/|singp 0 cos@|l=———cos@pE.e,+...
HoC HoC 0 E, 0 HoC
n N np N
H,=+——cos@pE;e;+ ... H;=—-——cosyEe,+.... (4.14)
Koc€ HocC

Now substituting (4.14) into (4.12) we find

n1cospE, — njcosS@E, = nycosyE;
= N1 COSP — N1 COSPT =N COSYE=npcosy(l+r)
= 711 COS — N COSY = (N1 COSY + N COSY) T
© 2n1C0s@ = (n1COSQY + Ny COSY) ¢. (4.15)

We can now solve the results for  and r to obtain FRESNEL'’s equations for s-polarization. We
can analogously derive the equations for p-polarized light. This leads us to

17



4.3 Oblique incidence TFO

Fresnel equations for oblique incidence

711 COS — Ny COS 211 cos
= @ Ld and 5= L4
11 COSQ + Ny COSY 11 COS + Ny COSY (4.16)
N2 COS( — Ny COSY 2n1cos ’
rp= and 1, = .
Ny COS Y + Ny COSY Ny COS Y + Ny COSY

0.8 1

0.6

0.4 t

0.2 ¢

l @in°®

10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90

Figure 12: Transmission T = 1 - R and reflection R = |7|? for two media with n; = 1 and n, = 2.5 for p-
and s-polarization. For the calculation one can simply use equations (4.16) and substitute

cosy =, /1 - (5 sing)? using SNELL’s law.

The angle ¢p in figure 12 is called the Brewster angle, a point of zero reflection. This angle
exists only for p-polarized light when the refracted and transmitted ray form a right angle
@+ = 7. One can calculate the Brewster angle via

ny
tangp = —. (4.17)
n;

4.3.2 Total internal reflection of light
For n; > n, we can determine the angle of total reflection as follows:

n
nising =nysiny = sing, = n_z (4.18)
1
=1
Now we ask what happens if ¢ > ¢.. According to SNELL’s law we would have siny > 1 and
subsequently using sin? + cos? ¢ = 1 we would find cos? 1 < 0. This means that cosy must
be purely imaginary. Thus we can express the reflection coefficient as

T3 COS (Y — N COS N> COS )2 + (ny cosyw)? .
ry= 2COSQZMCOSY_ [[12COSQY * (M COSVY o, _ 11 1eidp = |2 =1, (4.19)
12 COS P + Ny COSY (n cos ) +(n1cosw)2

We can see that T = 1 - R = 0, however, we find £, # 0. This implies that the relation between
t and T is not just the absolute square.
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4.3 Oblique incidence TFO

11 Reflection R
0.8 <=0
—x=0.125
0.6 —x=0.25
0.4 | —x =0.375
0.2+
10 20 30 40 50 60 70 80 90

Figure 13: Total reflection for n; > n, with n; = 2.5 and n, = 1.5 + ik where we plot the reflection for
different values of absorption. We observe that the Brewster-effect reduces to a minimum
we call a Pseudo Brewster angle. The effect of diminished reflection above the critical angle
of total reflection is called attenuated total reflection (ATR).

Let us now consider the transmitted wave for assumed perfect total reflection. We can write
k; as

w w . o w ”
ki=—nyé;,=—npsiny &, + —nycosy é,. (4.20)
c c c

For perfect total reflection cosv is completely imaginary cosy = i|cosy|. Then the trans-
mitted phase of the field is

e—i(wt—kt-r) — e—i(wt—%’ng sinyx) .e—%nglcoswlz. (4.21)

The last part describes a dampening of the field in the medium. This evanescent wave has a
penetration depth of

c

Ipen (4.22)

=—
wny|cosy|

This means the electric field of the transmitted wave traveling in x-direction penetrates into
the material leading to a nonzero transmission coefficient, while the total transmittance T is
zero. For a complex refractive index 71, we will have absorption A # 0 leading to attenuated
total reflection ATR at the Brewster angle.

4.3.3 Intensity coefficients

We want to discuss the intensity coefficients R and T for different cases. The intensity of the
light is proportional to the average of the propagation velocity v times the energy density
w

T (v w) o <%n2|E|2> = n|E)%. (4.23)

Let us start with the first case of normal incidence (n.i.) and real refractive indices. Then we

find

2n 2 dmn
L | = 172 with T+R=1. (4.24)
() + ny)?

2
ny—np )
R:( ), T:_
n +np n

ny+n
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4.3 Oblique incidence TFO

. N , (e) (v; = vcosyp)
In the case of oblique incidence, however, the velocity

of reflected and transmitted wave is given geometrically
by v, ; = v;cose and v, ; = v,cosy. The the reflected
and transmitted intensities are m

¥

7o cosy 11 COS P

£/, and R= Ir> = |r)?. (4.25) n2

11 COS QY 12 COS

For oblique incidence with complex refractive index 7,
the transmitted wave is given by U, = VCoSY

E= Eoe_i(wt_kz'r) = Eoe_i(m_k"x_kzz) Figure 14: The intensity is only
determined by the z-
component of the velocity
nysing vector.

w
with k= —1siny = real
C ——

w
k;=—nycosy =Rek,+ilmk,
c

= E — Eoe—Imkzze—i(wt—kxx—Re(kz)z). (4.26)

The reflection and transmission intensities can then be generalized to

Transmission and reflectance

Re(7, cos
R=|rl* and T:Mmz. (4.27)

111 COS

Example: Metallic surface

We want to discuss the example of a metal surface where 71, = n —ix. Then we have for
transmission and reflectance

1= * |1-n-ik]?  (1-n?+k°

_‘1+ﬁ2 _‘1—n+ik 1+ n)2+ k2

=n 2 " an (4.28)
1+n+ik (1+n)2+ k% '
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5 Multiple internal reflections in layered systems

5.1 Incoherent case (slab of material)

5.1.1 No absorption

First we want to consider the case of a non-absorbing Ry To
slab of material as shown in figure 15. The total trans- \/ /\ R
mission of the slab can be calculated by considering all £ m
possible paths a light ray can take to arrive on the other \\ ,
side of the thick slab Tyo Ry ,’I ds 1y
T = TipTo1 + TiaRs; To1 + Ti2 Ry  To1 + ... Y
\ nl
o T2 T2 \ '
=TT Y RG" = : (5.1) X
=t 1- R5, I
For the special case of Tj» = To; = 1 — Ry; we arrive at Figure 15: Non-absorbing slab.
(1—Roy)? 1-Ry 2Ry
= = and R= .
(1-Ra))(I+R21) 1+Ry 1+ Ry
(5.2)
Using FRESNEL’s formulas for normal incidence we find for n; =1,n, = n
2 2
n-n 1-n 2n
R2:(1 2):( U . (5.3)
ny+ no 1+ n)? 1+ n?

5.1.2 Absorbing slab

Before we consider absorption we want to right down the transmission of the slab for oblique
incidence

_ Ti2T5 1y COS Y 1 cosy

= 5 non-abs. Tjp = —Itlzlz, Iy =——
1 —R21 11 CoS Y ny COSY

2Pl 12

1—|ryl*

2
|£21]

(5.4)

Wir absorption we have to consider the dampening of the electromagnetic field
_ ik : _wo -
E =Eye , with k-r=—(fi;sinyx+ iz cosyz)
c
. w . W
=E exp(—l(wt -—m sm(px)) exp (1—n2 Cos wz)
c c

= |Ef = |E0|2exp(—2%lm(fl2 cos)z). (5.5)

S

damping factor
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5.2 Coherent case (thin layer)

TFO

Furthermore, if we express 71 cos ¥ in terms of the angle of the incidence ray

iy cosy =/ A3 — nisin® @ (5.6)
Transmission and reflection of a thick slab

we finally arrive at

| 112/ l‘21|2exp(—27‘”dslm\/ A5 — n? sin® (p)

r= (5.7)
1- |r21|4exp(—47“’dslm\/ﬁ§ — n?sin? (p)
5 |t12|2|t21|2|r21|26Xp(—47wdsIm\/ﬁ%—nfsinz(p)
R=|rpl"+ (5.8)

1- |r21|4exp(—47wdslm\/ﬁ§ — n? sin® (p)

We note that for an infinitely thick slab d; — cowe obtain T — 0and R — |ry» 12 as expected.

5.2 Coherent case (thin layer)

We now want to consider the case of a thin layer with
d < l.on. Analogously to the incoherent case we can ex-
press the transmission coefficients (since now we have
to consider interference) through the layer as a geomet-
ric series which leads us to

f1o3 = t12615 to3 + [126167'23615 r21e15 loz + ...

o0
i 2i6
= f121p3€'° ) (razre”)"

n=0
t1otr3el® t1tr3el®
= 55 = 55 (5.9
1—7‘211’2361 1+ riprp3e
2i6
12 + I23€
i3 = (5.10)

1+ r12r23e215'

5.2.1 Normal incidence

e I

/ m

ho
eld 23 ds ny

\ nz-real

’
123

Figure 16: Thin, non-absorbing layer.

Let us further discuss the special case of normal incidence. Here we can express the phase

0 simply as

2
5=kd= %ﬁzd - %ﬁzd = 27V,

(5.11)

Thus we collect a total phase of 26 = 4nvii,d per loop in the thin layer. We now ask the
question when the reflection of this slab goes to zero. One solution one can immediately

verify is

rz=ro3 and e*®=-1

A
=> 20=n=4nvitbd = fi,d = T

(5.12)

22



5.2 Coherent case (thin layer) TFO

This means the optical thickness of the medium corresponds to a quarter wave (QW) plate.
For the design of a QW layer we need to establish r12 = 123

ny—nz; nNp;—n3

a2 =T123 =
ni. M+n2 np+ng

= (n1 —ny)(nz + n3) = (np — n3)(ny + ny)

A
= n% =ninz3=ny=+/N1N3 and I’de = Z (5.13)

We deduce that for n; = 1 we can only achieve anti-
reflection with a single coating if n, < n3 = ngy,. Since
the refractive index of the layer is lower than of the sub-
strate we call this a low index coating or a single layer
anti reflection coating (SLAR). We also want to visual-
ize the effect of anti-reflection with a single layer. This
is shown in figure 17. Because ry3 = —|r23| we observe
a phase shift of 7 at the reflection on the back of the
layer. The reflected wave is then phase shifted by =
which leads to destructive interference of the front and
back reflection of the thin film.

>--____75/~2\
T

n<ny<ng

Figure 17: Single layer low index AR
coating.

If, however, we instead choose a high index coating
we will not have a phase shift on the back of the thin

film layer as displayed in figure 18. This will lead to
constructive interference of the front and backside re-

>- ~-._ /2
flection of the thin film. The resulting reflectivity then — ”
matches the reflectivity of the bare substrate without

any coating.

ny<ng>ns

Figure 18: Single layer high index
coating.

5.2.2 Basic QW applications

Instead of a SLAR coating we can also try to create a
stack of dielectric QW layers with alternating high and
low refractive index. We demand that the optical path is constant in both layers

A
nLszanHZZ. (5.14)

Such a scheme of a QW stack is displayed in figure 19. If the number of periods goes to
infinity we will reach a theoretical reflectivity of R = 1 at Ag. We might also want to raise the
question, at which wavelength range we will have high reflectivity. This is called the rejection
band. The width of the rejection band is generally a function of

nNg—n
ZHTTL (5.15)

Wrejec. band = f( P

For a broadband high reflector we need to maximize the ratio of high and low refractive index
of the layers.
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5.2 Coherent case (thin layer) TFO

n 3m 3nm b5nm

\////
W NI AT "

AV Y. ¥ “
N\ { /

ng
n/Z\%

nr

Figure 19: Scheme of a high reflection QW stack.

n

—

Furthermore we can use a QW stack to create frequency filters. For that we take a look at
figure 20 (left). The figure shows the rejection band of a QW stack. Only at the center fre-
quency 1/1y we have perfect reflectivity. At the edges of the rejection band one can con-
struct long/short pass frequency filters. For the modeling of thinfilm stacks one can use the
following notation:

airHLHLHLH|sub = air| (HL)N H|sub, (5.16)
where N is the number of alternating layers. For even N we can also write this as
air|(HL) Y *H(LH)V'?|sub. (5.17)

We can also design a narrow bandpass filter using QW stacks. For that we model a new stack

Rsub T Rsub T

1/ 1/

Figure 20: Left: Rejection band of a QW stack. In blue we see a spectral region for a possible long pass
edge filter and in orange a region for a short pass edge filter.
Right: With an additional high index layer in the middle of the QW stack one can achieve a
narrow bandpass filter.

with an additional high index layer in the middle of the stack. Since HH-layers or LL-layers
do not contribute for reflection (c.f. HW layers), we can simplify the effect of the QW stack
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5.2 Coherent case (thin layer) TFO

to

|

air|(HL) N 2HH@LH)V/?|sub = air|(HL)? "'HLLH(LH) 2 ~!|sub

N

— air|(HL)? " 'HH(LH) >
=air|sub at Ag. (5.18)

|sub = ...

The resulting rejection band of such a layer is shown in figure 20 (right).

5.2.3 Half wave layers (HW)

We now want to consider half wave layers. For that we have § = 7 = €% = 1 and thus equa-
tions (5.9) and (5.10) become

I+ fot . 1 A
23 = 1277 , li23 = 127 with nyd=—=—. (5.19)
1+ 112103 1+ 112703 2v 2
Let us inspect first the trivial case § = 0 resulting in d = 0 and n3 = n;. Then we have
ra+r ny—n
123 = 127721 _ because rio = L 2 _ —791. (5.20)
d=0 1+T1272) ny+n

This is consistent expectation for a layer thickness of zero where we would have no interface.
Now we move on to the HW layer. We can write the transmission coefficient as

Iflg l'23 4711 no Zni
t123 = — = — Where tl] =
L+ 112723 (ny + np)(ny + ng) + (N1 — n2) (np — n3) ni+n;
dmn 2n
- 172 Sl S (5.21)
2n1ny +2nyn;s ny +ng
The transmission can now be calculated as
2
ns 21’[1 4dniny
Typ3 = — = 5 = Tis. (5.22)
ni|ny+ns (n + ng3)

We conclude that the transmittance does not depend on medium 2.

5.2.4 Single film spectrum

We now want to calculate the transmission of a single film as a function of frequency. We
start with equation (5.9)

i6 2 2
_n3 2 h3| holse n3 SPLZS
T=—ltol"=—

ni ni

(5.23)

1+ ryarp3e2i0 ny 1+ r2,r2, +2r1r,c0s(28)
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5.3 Possible complications TFO

If we assume low dispersion, the term ry, 123 will be wakly dispersive and cos(26) the domi-
nating frequency dependence. This leads to a quasi-periodic behaviour of the transmittance
T (v). Let us now examine the extrema of T'(v). For 6 = ma we find n,d = m%:

A

m=1: nzd:Z QW layer
A

m=2: npd= 2 HWlayer R = Rgy, T = Tsup (5.24)
31

m=3: ngd:T QW layer

We can generalize these findings to
m odd: QW-points and m even: HW-points (5.25)
m 1

Vm AV=Vy1—Vmy = (5.26)

- 4n2d 4n2d'

The spectral behavior of high and low index layers is shown in figure 21. Notice that for a low
refractive index layer we can achieve anti-reflection as already derived in section 5.2.1.

TR

Tsub 1

Tsub B e NS N

Rsub 1

Rsub 1

Figure 21: Left: Low refractive index coating. ny < n < n3, Row < Rgyp.
Right: High refractive index coating. ny > n1, n3, Row > Rsup.-

5.3 Possible complications

5.3.1 Oblique incidence

In the following we want to discuss several cases com-
plicating the frequency behavior of a single film spec- \Q

trum. If we consider oblique incidence angles we need m

to take different optical paths into account as shown in

figure 22. We can actually show that the total phase 1//L d
difference can be simply calculated by using the z- ny

component of the k-vector
Figure 22: Optical path difference for

20=k;-2d = 4_”712 cosy oblique incidence.

= 4nvd\/n3 — nisin’ @, (5.27)
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5.3 Possible complications TFO

where we used SNELL'’s law of refraction to replace cosy. We can verify this result by calcu-
lating the total phase difference geometrically using the lengths given in blue and orange in
figure 22

2 2d
20=—|mp —mLsing| with L=2dtany
A cosy
dnd | n n siny sin n
= 2__Imsmysing with sim//:—lsin(p
A |cosy cosy ny
4nd | n? — n?sin?
= 2P ith ny cosy =/ n3 — nsin® ¢
A Ny COSY
4nd -
=— ns — n?sin® . (5.28)

We also observe that the phase gets smaller 01(6) < 0 for increasing angle of incidence. We
can now directly compare the extrema of the thinfilm spectrum

m
P£0 V= ) (5.29)

4dy/n5 — n?sin® ¢

We call the pheonomena angular shift. For a QW layer (m = 1) the layer thickness is
A
d= 0.i. ) (5.30)

R
4y/n5; —nysin“ @

n.i. vy,= ind
2

Alternatively we can calculate the refractive index of the second medium for given values of
A at normal and oblique incidence

Ani i
np= 228 nd - ndsin? |2 == (5.31)
Ao.i. 12,

For two measurements at oblique incidence this generalizes to

A% sin® g, — AZ sin® @y,
A2 -2

no =N (5.32)

5.3.2 Light absorption

We now want to incorporate absorption into our equations. For complex refractive indices 6§
becomes a complex quantity
el = g m0g-iRed \vith 2Imé = 4nvdIm i, = ad. (5.33)

The transmittance of the single film layer then becomes

i6
13 COS 3 ) ) hi2fr3e!
T= —I|tiz3|” with f133= —————,
11 COS Y 1+ riprozet
214 (20=21 2\ fal2e”
_ nzcos@s |tz |tsl°e mo ni 13 [112|%|f23]"€ ad (5.34)
nicosg |1+ r12r2382i5|2 n |1+ r12r23e215|2 .
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5.3 Possible complications TFO

The effect of absorption on the transmittance and reflectivity is shown in figure 23. Usually
the absorption takes place at the edge of the visible spectrum to the ultraviolett spectrum
(c.f. figure 2).

T,R A=1-T-R
R+T=1 R+T<1 1+
Tsub’

—— Absorption
—— Scattering

Rsub 1

Figure 23: Light absorption (left) and scattering (only right) in a single film.

5.3.3 Rough surfaces

In the case of a large scale roughness where the period-
icity of the rough surface A is larger than the wavelength A@’l l

A we also observe scattering effects

I / \ "

S:I_ =>R+T+A+S=1. (5.35)

e

n

ns
In general scattering increases for lower wavelengths. If
we only have T and R available for our thin film, it is of-
ten helpful to model the scattering S(v) as a smooth function of v2 v* whereas absorption
has a threshold character.

Figure 24: Scattering scheme.

5.3.4 Gradient index coatings

In the following we want to consider weak refrac- n

tive index gradients in single non-absorbing films. ny T

We can distinguish between two different types of Nsub
coatings: -

* Positive index gradient

.. . n
* Negative index gradient.
The type of index gradient is defined as seen from .
the substrate, i. e. a film with increasing refractive 0 d
index from the substrate towards the air is called
a positive index gradient. Figure 25: Refractive index gradient
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5.3 Possible complications TFO

We now want to discuss how the single film spec-
trum changes in the HW and QW points
T2 — 123 T2+ 7123

1—r12r23 1+7112723

(5.36)
For simplicity we only consider the numerators of (5.36). Then we can make use of simple
vector diagrams to determine the behavior of the single film at the QW points and HW points.
This is displayed first without gradients in figure 26 and then including gradients in 27. As we
can see, the reflectivity in the QW points is about the same for a gradient index layer, however,
the reflectivity at the HW points changes. For a low index layer the reflectivity is above/below
the reflectivity of the substrate for a positive/negative refractive index gradient. We can also
visualize this in figure 28.

Schroders approximation

We now want to calculate the reflectivity for a gradient index layer with a weak refractive
index gradient. We model the refractive index gradient as a linear function with a deviation
u from the mean index (n) (c.f. figure 25). At z =0 we have n = (n) — u and at z = d we have
n ={(n)+ pu. A value pu > 0 corresponds to a negative gradient, whereas u < 0 is a positive
gradient. The coefficients of reflections are

1-(n)+ ny+u—n 12 + Ip3e2id
1+(n)—p (ny + p+ ngyp 14 r1a193€210
We now introduce SCHRODERS approximation as
Z
0= 2711// n(z)dz=2nvin)d. (5.38)

0

For a linear refractive index gradient this is equation is actually no approximation. First we
consider the reflectivity at the HW points

Nna+rs _ (1=(m+p)(n) +p+ nsup) + (1 +{n) — ) (n) + fL — Nsup)
L+ 7r12r23  (L+(n) — wn) + g+ nguy) + (1 — (1) + 0 (1) + 1 — Ngup)
terms ,uz,u(m,(n)z,nsub cancel out
_{m) + p—{n) ngup + KNsub
() + e+ () gy — Wb

I'23,HW =

n) 1~ Nsub +u
— (n) (1 — ngup) + :u(l + Nsub) _ 1+ ngyp
(n) (1 + ngyp) + 1(1 = ngyp) )+ 11 1—ngyw
1+ Ngub
7}
+ —_—
(mriz+u "3 (n)
- = T (5.39)
(n)
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5.3 Possible complications TFO
High index QW - layer High index HW - layer
n 2 n A
M2 N, 23 M2 Ny F23
3 N3 = Ngyp D Nz=N
-1 | +1 3 sub
Ny i M3 n | r
1 oo ot T A I I
l : : I
l : : I
: " > 7 ! : _
T T > 7
0 d 0 d
r
; ] " ] M3
12 R R r12 --------------
= >
--------------- QW sub r;2-3-_--------- :>RHW_RSLIb
~l23
Low index QW - layer Low index HW - layer
n - a
Ny
M2
Ny E |
1 T :
0 d
Y M3 P M3
T3 .
_______________ = RQW < Rsub r23 = RHW = Rsub

Figure 26: [llustration of the effect of QW and HW layers on the reflectance of an optical surface. Note
that the vector diagrams are just qualitative pictures, since we neglect the denominator of
the reflectivity of the single film. However, the qualitative results are correct.
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5.3 Possible complications TFO

High index QW - layer High index HW - layer
n M2 p 5 M3
| | | nsub
n r
- 1 - ot 13
i : -7
0 d
[' T '] r3
______ [::::: = Ruw, inhom # Ruw, hom

o
(o}
o T
o J-----

_______________ = RQW, inhom ~ RQW, hom| TIy3 R = RHW, inhom * RHW, hom

Figure 27: [llustration of the effect of negative (in red) and positive (in blue) index gradients of the
reflectance in QW (left) and HW (right) point.
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5.3 Possible complications TFO

T,R Positive index gradient T,R Negative index gradient
Tsub T - "~~~ X" " TTTT /N T T T Tt X Tsub 1
high index layer ny < np, < ngy, high index layer ny < np < ngy
Rsub 2 v Rsub 1
T,R Positive index gradient

Tsub 1 Tsub 1

low index layer ny < ny, < ngyp

Rsub i Rsub i

Figure 28: Left: Positive refractive index gradient. Right: Negative refractive index gradient.

We can see that the reflectivity scales linearly as a function of u. We also find for y — 0 that
r123 — r13. We already showed in (5.22), that for a HW layer the transmittance and reflectivity
is not dependent on medium 2.

We can repeat the same calculations now with a QW layer
rna—ry _ (1=(m+p)(n) +p+ ngp) — 1 +{n) — ) (n) + L — nsup)

1-riaras (L4 (n) — ) ((n) + p+ neuy) — (1= (nY + @) (1) + p— Ngyp)
terms (n) U, Nyt 4, {N),{N) Ngy, cancel out

r'123,Qw =

_ Ngub — (n)?*+ I"Z

- Nsub + (n)? - p .
In contrast to the HW the reflectivity scales quadratically with p. That is the reason why the
QW points did not change in the vector diagrams in figure 27. For small u the reflectivity is

(5.40)

Nsub — (I’l)2

, 5.41
Ngup + <n>2 ( )

I'123,Qw =

thus we can obtain information on {n). For {(n) = /1 — nsy, we would achieve ideal AR.

Now we return to the HW case and expand r;23 for the case of u < (n)

p p p p
23 = (r13+%)(1—r13m) :r13+%(1—r123): T13+stub+@>([J,2)

U
= Ruw = Rgup +2113 Tsubm
AR
1 —ngup 2_,Lt

_ . 5.42
1+ nsub)3 (n) ( )

Ruw = Rsyp + 4nsup
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5.4 Thin film on thick substrates TFO

For AR < 0(u > 0) we have a negative index gradient and vice versa. In conclusion, for small

inhomogeneities, the QW points do not change and the HW points get modified by AR «
=
(n)~

5.4 Thin film on thick substrates

So far we have only considered an infinitely thick sub- nm
strate. However, in a real situation the substrate has a fi- 1y Ta
nite thickness. We assume a thick slab as our substrate.
Then the transmittance is according to the incoherent b Idsub
case (5.7) m

. 1212 £21 |2 exp(— sz d,Im \/ ﬁsu[) —n? sin2 (p) Figure 29: Thick substrate.

e 2] 12 _ 4o 2 2.2 )
1—|ro1l%|rol exp( Cdslm\/nsub ngsin (p)

If we now place a thin film on the substrate the equation for the transmittance and re-
flectance modify to

; 1251?1831 2 exp( 224 Im /72 — n?sin? )

171 21701 12 exp[ — 42 2 _ 2 2
1 —{r311°|r321] exp( c dslm\/nsub ngsin (p)

4 A .
|t12312 232112173112 exp(—T‘”ds Im \/ngub — n?sin? (p)

R=1rpsl"+ , (5.43)

— 2 2 _do 22 2 a2
1 —=1r311%[r321 exp( - dsIm\/nsub ngsin (p)

where the reflection ry23 and transmission f,3 coefficients are given by (5.9) and (5.10).
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6 \Wave propagation in stratified media

6.1 General theory for s-polarization

In the following we assume a so called stratified medium which has a dielectric constant £(z)
only depending on z (c. f. figure 30 left). In order to derive the transmittance and reflectance
we need to determine the electric fields E, E;, E;. For s-polarization we again assume E =
E,&, and set the transmitted field E; = 1.

£
£(2) E. Y| / E no
Nsub 3
X
|
|
g : ve
! |
| |
| | n
; l z @ sub
0 d 4

Figure 30: General scheme of a stratified media. We model the thinfilm with a dielectric constant
which only depends on z. On the right side is a sketch of the geometry of the problem.

At z = 0 the total electric field is the superposition of incidence and reflected field E, + E, =
E(z=0). The magnetic field H can be calculated as

n n|. 7y COS 7o COS
H=—exE=—/|singp 0 =*cos¢@|=>Hye=———"—FE,Hy,,=—E,. (6.1)
HoC HoC| o E 0 HoC HoC
y
Then the total magnetic field at the boundary Z =0 is

1 COS 1o COS
Hez=0)= 2%, g = "% gz =0)-2E,). 6.2)

HoC HoC

We can solve that equation for E, and subsequently E; to find the transmission/reflection
coefficient

ﬂHx(z — 0))
¥

1
E,= —(E(z:O) —
2 1y COSs

1
Z—(n0COS(pE(Z:0)— @Hx(z:O))
2npcosg £o
1
:E,:E(Z:O)—Ee:—(nOCOS(pE(z:O)+ @Hx(z:m). 6.3)
2npcosg £o

Then we can formulate the transmission and reflection coefficients for a stratified medium
as
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6.1 General theory for s-polarization TFO

Reflection and transmission coefficients for a stratified medium

1 21y cos
f=— = 0COSP 6.4)

Bo nycospE(z=0)— /2 H,(z=0)

_Er_nocosgoE(z:O)+ g—(‘)’Hx(z:O) 65
Ee nycospE(z=0)— ';t—SHx(z:O)

The means our task is now to calculate E(z = 0) and H,(z = 0) at the boundary. We can do
that by finding solutions of MAXWELL'’s equations

E(r,t) = Eo(r)e ™!, H(r,t) = Hy(r)e . (6.6)

First we make use of FARADAY’s law

- 0
VxE=-—B=iopH 6.7)
R & & &| 5p,  oE, Hy
also VxE=|[0x 0y O0z|= 3 —e,— a—éx = H=| 0|
o E, of % “ H,

Comparing both results we find

. 0

iwpoHy = _O_ZEy (6.8a)
0

i(,{)l.l,()HZ = +aEy. (68b)

We can do the same steps with AMPERE’s law as well

. 0 .
Vx H-= &D = —iweegE (6.9)
. & & &| 5H. oH 0H, OH
also VxH=|dx 0y 0z :( 5 t 5 Z)éy = iwesoEyza—Z— 5 ol (6.10)
H. 0 H, z X X z
Now we may calculate % (6.8b) — 6%(6.821)
62 62 _ 0H; O0Hx) . 10)
Now we do a separation ansatz for £, = X(x)U(z)
d? d?
Ud X+Xd 5 = kos(z)U X
1 d? 1 d?
=> }@X U iz — U~ koe(z) = —k5¢% = const. (6.12)
—_——
only f(x) only f (2)
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Then we can solve the x dependent part of the differential equation easily
X(x) = and E, = U(z)e*, (6.13)

Now we proceed by trying to find an expression of Hy using (6.8a)

Hx =—- 1 aEy =_- 1 a_[] eikofx — _V(z)eik()fx
iwpy 0z iwpg 0z
N———
=V (2)
0H, dV ikeex 610 0Hz (6.8b)[ kol
=——e" XY —Z _jweggE, = |- —iweeg | E,y. 6.14
0z dz 0x 0%y iwpo N (6.14)
Then using Ey, = U k¢~ we find
dv . ka&? . 2
— =iwegg | e(z) — U=iweg(e(z) —E9)U. (6.15)
dz w? o€

In order to have the same dimensions for U and V we perform a substitution u = U and
v=,/8v
Ho

d—U—%—ia) V(2) =iw+/Eopigv = ikov (6.16)
dz dz Ho - oHoT =Rt .

This leads to the following coupled equations for u(z) and v(z)

d d
av_ ikg(e(z) — cfz)u and au_ ikov, &=npsineg. (6.17)
dz dz

Since in the homogeneous media ny we can write E, = U (z)e'k** we can identify here koé =
kyx = % ngsin¢. Furthermore we know that 2 is a constant quantity which means

)
ko = —ngypsings = npsing = ngypsing  Snell’s law. (6.18)
c

Now we can formulate our boundary conditions at z = 0. From our assumption E; = 1 we
immediately follow u(z = d) = 1. Then the magnetic field is

Ho(z=d) = — 5ub05Ps
HoC
:»v(z:d)z,/@wznsubcosq)s and u(z=d)=1. (6.19)
€0 HoC

Now we can substitute u and v for Ey, and Hy, H; in (6.4) and (6.5)

Transmission and reflection coefficients for the normalized fields

21y Ccos Ngyb COS
_ 0€0S9Y  p_ MsubCOSPs .2 (6.20)
N COS YUy + Vo Ny COS P
NoCOSPUy — U
= Yup— o R=|r (6.21)
Ny Cos@up + Vo
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6.2 Matrix formalism
Since we now know the transmission and reflection coefficients for the fields at the boundary

up and vy but our fields are given as u(z = 0) and v(z = 0) we need to find a way to relate them
to each other using the equations (6.17).

6.2.1 Characteristic matrix

In the following we assume two different solutions of our system namely

u,v1: u(z=0=11(z=0)=0

(6.22)
Us, U2 . ug(ZZO):O,Ug(ZZO):l.
Both solutions have to fulfill (6.17)
du; . dv; .
d—1=1kol/1 "Uzy d—1=1k0(€(z)—€2)u1 "uz
d; dVZ (6.23)
—Z:ikovZ "Vlr —zziko(b‘(z)—fz)uz "ul-
dz dz
If we now subtract both differential equations we find
duy duy
TR TR
dUzu dUlu L 3&(141112— Ulug) =0. (6.24)
dz ' dz

This means u; v, — v up = const. = 1, which can be determined by evaluating the functions
atz=0.

An arbitrary solution u(z), v(z) with the boundary conditions ©(0) = uy, v(0) = vy can be con-
structed as follows

u(z) = ugu1(2) + vyup(z) and v(z) = ugvi(2) + vova(z). (6.25)

We can also write this system of equations in matrix form

(o) ) - () () e
v(z) vi 2 J\vg Vo -v; U v(z)
—— N————
m1 7 characteristic matrix

The matrix 71 is the characteristic matrix of the stratified medium. As shown in (6.24) it has a
determinant of one. If we know u(z = d), v(z = d) at the substrate we can determine 1, and
vo using the characteristic matrix.

For a stratified medium with a generic dielectric constant £(z) we can replace its profile with
a piecewise constant function. Then we can calculate the characteristic matrix of every sin-
gle homogeneous layer to determine u, vg.
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6.2.2 Characteristic matrix of a single homogeneous film

First we want to discuss the structure of the characteristic matrix for a single, homogeneous
film. We can write the expression € — &2 in equation (6.17) as

e—& =eg—n?sin® @ = 7? — i?sin®w = A cos v, (6.27)
0

where v is the propagation angle in the homogeneous film. Taking the derivative of (6.17)
leads to the following equations

d*u
a2 +kii* cos*yu=0
dZZ = solutions: sind,cosd with = kpnicosyz. (6.28)
v
iz + ki i* cos*yv =0
z

Matching with the initial conditions (6.22) we can choose

du
Uy =cosd = d—l =—sindkpncosy (617 ikgv;
z
= v; =incosysind (6.29)
=h?cos?y
dv g N
and vy=cosdé = d_2 = —konicosy 61D ikg (e(2) —52) u
z
i
= Uy = — sind. (6.30)

osy

We can combine these results into the characteristic matrix of a homogeneous film

Characteristic matrix of a single homogeneous film

i
- coso - sind
m= ( Ui uuz) = ficosy 8 =2mv\/ A2 — nZsin®¢. (6.31)
—U1 U

—incosysind cosé

6.2.3 Characteristic matrix of a film stack

For a film stack the characteristic matrix is simply given by the product of the matrices of the
single layer stacks

N
. =d
(“0) =11 mj(dj)(”(z_ )). (6.32)
Using the boundary conditions (6.19) for u(z = d) and v(z = d) we have

i e P P
Vo My My \Nsub COSPs) '

This means the fields at z = 0 are given as
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Ug = M1 + M12gyp COS P (6.34)

Vo = My + M2 Ngyp COS P (6.35)

Example 1: Single interface

For a single interface we have § = 0 and thus 2 = 1 leading to

My COS (P — Ngyp COS , .
re= P~ Msu LR Fresnel’s equation. (6.36)
1) COS (P + Ngyp COS P

Example 2: Single quarter wave layer

We assume a single QW layer with real 7 at normal incidence. With 6 = 7 we find

) 0 i NoCOSQ(—+ngup) +in  ngnep — n2
mow = ( . ”) and rg= L4 n > — = 0 sub 5 (6.37)
—-in 0 1 COS P(— =+ ngyp) —in  NoMNsub + 1
As before, we see that for n = \/nyngy, a single layer AR coating can be realized.
Example 3: QW stack
We now examine a QW-stack with real 7 at n.i. The layout ng|(LH)N|ngy, gives us
. 0o -4 0 _iV (—n—H)N 0
M = (g - )™ = ( . ”L)( ) nH) = L N (6.38)
—-in; 0 J\-inyg O 0 (_ﬂ)
nyg
n H\N n\V np \2N
no | U, Nsub  No — Tn Nsub N
—00
re= L. e 1 =1, (6.39)
niH ny, nr
"O(__) + (__) Ngup  Ho+ (__) Nsub
nr nyg ng
The special case N = 0 reproduces the reflectivity of a single interface. For N =1
)
ng—|——1] Asub 2
n
FNol = 7 20> ny= (—L) Rsub- (6.40)
nr ng
R+ |———] Hsub
ng
We can rewrite the condition for AR as
n n
—H— [y coating. (6.41)
ny 1A
The particular case of ny = n— L results in
nog—n
el = —— S W layer. (6.42)
no + Nsub

We can see that two QW layers with same refractive index result in a HW layer (for arbitrary
N).
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7 QW-stacks and derived systems

7.1 QW at normal incidence

We now want to consider the following kind of quarter wave stack

A
air HLH)|sub  with nydy = npd, = IO’ (7.1)
where A is the central rejection wavelength. The corresponding rejection band is displayed
in figure 31. We can see that for every Av = 2/ A the pattern of the rejection band repeats.

We can explicitly calculate that via

4nnd
01=2nvind = Ad=2nAvnd= e _ 7. (7.2)
4nd
This means sin(0; + Ad) = —sin(6;) and analogously cos(6; + Ad) = —cos(6;). This means

the reflection coefficient is changed by its sign, however, the reflectivity is the same.

1 LR Fundamental 3rd harmonic 5th harmonic
HW disaster
R p =L 2 A A AL A A L0 A 440 L R L A LN
su Av=2/1
‘ < ‘ s 1 v
1/ 2/ Ay 3/ 4/ 5/ Ay

Figure 31: Rejection band of a QW stack with (blue) and without (grey) dispersion. For a dispersive
material we observe increased reflectivity at the HW points (even harmonics). Thisis called
Halfwave disaster.

The width of the rejection band is dependent on the refractive index difference of the low
and high index medium. For increasing refractive index difference the rejection band gets
broader. We can formulate that without proof as

4/10 (TZH—TZL)

= —— arcsin
Ao b/ ng+nyg

AL (7.3)

Furthermore we want to mention that the number of minima between adjacent odd rejec-
tion zones is equal to the number of layers 2NV + 1.

Now we also want to consider the effects of material dispersion. For no-absorption we have
normal dispersion meaning that 3—’; > 0. Let us consider the QW and HW points

d= = . (7.4)

A
nowd = =3~ N Aqw _ Anw
dngw  2npw

nuwd = AW
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Finally we obtain

ngw A A 1 2
szﬂ_o :>AHW>_0 or —<—. (7.5)
now 2 2 Anw Ao
1
>

We observe that the periodicity in the reflectivity breaks down. We find the maximum of the
next QW or HW point at lower wave numbers as indicated in figure 31.

n T,R

Tsub 1

v Rsub 1

Figure 32: Left: Normal dispersion of materials. Typically, the dispersion is stronger for high index
materials. This effect causes the appearance of the HW disaster.
Right: Dispersion in a single high index layer. For higher wavenumbers the index contrast
gets larger, thus increasing the reflectivity at the QW points.

We can explain the effect of the HW disaster using figure 32. The wavelength at the HW
points is given by

AHwL = (7.6)

However, since the ratios ngv"i and ZE;’VVE are not the same, the HW points will be different

’

for low and high index layer.

7.2 Derived systems

Bragg reflectors

We will now come back to the picture of refractive index profiles. A QW stack is only a single
example of a periodic modulation of the optical properties of the medium in space. In fact,
any periodic modulation, no matter whether it corresponds to a QW stack or some different
periodicity will be accompanied by what we call rejection zones. We can compare this to the
propagation of charged carriers in crystals where we also have allowed and forbidden zones
of kinetic energy.

We can now define a BRAGG reflector as
A
ngdy+nrdy = ?0 but nydy # npds. (7.7)

This means that high and low index layers appear to have different optical thickness. Anal-
ogously as for dispersion the optical thickness does not coincide at the HW points which

means we find rejection zones at all harmonics of the fundamental wavelength Ay, %, %,
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Rugate filter

For a Rugate filter we no more require that we have a
piecewise constant refractive index but rather a contin-
uous, periodic distribution. We now generalize the re-
flectivity condition to

Nmax |

Ao
(MmA=—, (7.8)
2
where A is the spatial period of the refractive index pro-
file (c.f. figure 33). We will have rejection at Ay, %, %, vy fmin |
but the intensity drops down quickly with increasing or-
der. The explanation of the decrease of efficiency in re-
flection is given by the lack of a sharp interface. In fact, since the refracted index is modulated
continously we do not have a infinitesimally thin interface. For the efficiency the relation be-
tween the wavelength 1y and the region where the refractive index is changing matters. For
large wavelengths A this relation is small so the reflectivity might be close to the Bragg reflec-
tor. However, for smaller wavelengths the interfaces looks like a refractive index gradient.
The lower the steepness of this gradient, the smaller is the efficiency to provide a reflection.
Thus the rejection zones become weaker. However, the construction of a rugate filter is more
difficult than of a Bragg reflector.

Figure 33: Rugate filter.

1 LR Fundamental 3rd harmonic 5th harmonic

Rsub 1

1/ 2/ gy 3/ 4/ 5/ Ay

Figure 34: Rejection band of a Bragg reflector (blue) and a rugate filter (orange). For both reflectors
we have a narrower rejection band than in the QW stack (grey). In the rugate filter higher
orders of reflection are weaker than the fundamental.

Mirrors for ultrashort pulses

In the following we want to consider ultrashort pulses. If we assume a short pulse with pulse
length 7, the spectrum is given by the Fourier transform of the temporal electric field. Due
to the time-bandwidth product of the Fourier transform the spectral bandwidth of the pulse
is cloesely related to the pulse length via 7 - Aw = const. Generally, the shorter the pulse, the
broader the spectrum.

For the design of mirrors for ultrashort pulses our first traget is a broadband reflection. Sec-
ondly we also want to control the phase behaviour, since a pulse travelling through a disper-
sive medium is broadened. Since the reflection coefficient r = |r|e!®" is a complex value we
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have requirements on |r| and §, which leads us to the design of so called dispersive mirrors.
The historically first approach was the design of a chirped mirror displayed in figure 35.

n

~

AN]

ny

ny, +

optical path

Figure 35: Design of a chirped mirror. The QW condition for AR is fulfilled for different wavelengths
in certain depths. A chirped mirror can be used to compensate normal dispersion by in-
creasing the path length for the red components of the light.

Furthermore we have to consider the significance of nonlinear-optical-processes e.g. two
photon absorption (TPA). For lower pulse lengths the maximum of the electric field strength
rises until we reach a regime, where nonlinear effects come into play.
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8 Remarks on Coating Design

The idea of design is to find one that fits a required specification, i.e. we have to fulfill a
spectral target R(A), T(A), A(A).

If the spectral target includes only normal or oblique incidcence with s-polarization
and no absorption, then a design built from two materials only but with largest
refractive index contrast is favorable.

We also note that for a design task one should always consider both interfaces (front and
back of the substrate).

— low-medium
—— low-high

— low-medium

081 | Jow-high

0.8 +

0.6 |

0.2 + ! 0.2 |
e = Jen
10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90

Figure 36: Reflectivity R for s-polarization (left) and p-polarization (right). If we compare the re-
flectivity for a low-high inteface and a low-medium interface, we can see that for s-
polarization the reflectivity is always higher and thus this layer is preferable for design.
For p-polarization it gets more complicated. One might include materials with intermedi-
ate refractive indices.

These days the design task is most often performed by computers where we can define an
initial design and the computer performs numerical refinement procedures, by e.g. using
merit functions

[ Ruarget A ) = Rearc (A, (n(A )}, {n(d))h)
MF = ; SROL) . (8.1)

Finally we now also want to discuss several design specifications:

Anti reflective coating

For an AR-coating we may simply use a low-index layer. If we do not have a low index layer
available, we might use a QW stack. However, we must ensure that the AR spectral range fits
in-between the first and third harmonic rejection zone.

High reflective coating

We can achieve a HR-coating with a QW stack in the fundamental rejection zone. The higher
the number of periods, the higher the maximum reflectivity will be. Otherwise we can also
utilize a chirped design or a metal coating.
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Neutral beam splitter (NBS)

We can realize a neutral beams splitter with a QW stack with only a few periods.

Short/long pass filter

We can design long and short pass filters in the following way:

short pass filter:  air 10.5LHLH)N0.5L| sub

. N 8.2)
long pass filter:  air |[0.5HL(HL) " 0.5H]| sub.

We can realize this by coating the front of the substrate with the long pass filter and the back
side with a short pass filter.

Polarizing beam splitter

For the design of a polarizing bema splitter we can use the fact that for oblique incidence the
width of the rejection zone is larger for s-polarization than for p-polarization. At the edge
of the rejection zone we can design a layer transmitting p-polarized light while reflecting
s-polarized light.

R (p:() (p>0 R

angular shift — s-pol
} —— p-pol

v @in°®

Figure 37: Left: Rejection zones for s-polarization and p-polarization for normal and oblique inci-
dence. We can design a beam splitter at the edge of the rejection zone.
Right: Angular dependence of the reflectance for s- and p-polarization.

Absorber

For an absorber we need to maximize A=1- R — T. As a substrate we wanna choose a high
absorbing material. However, we must also consider reducing the reflectivity of the surface
of the substrate. For that we would also apply an AR-coating.
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Narrow band pass filter

A narrow band pass filter (NBP) (assuming A = 0) can be designed by a QW-stack in a HW-
layer design where we insert an additional high index layer in the middle of the stack (c.f.
equation (5.18))

air|(HL)YHH@CH)V|sub| = air|sub. (8.3)

Ao

The corresponding characteristic matrix is then

X (—,’;—,@)N 0 J(-1 o (—Z—’j)N 0 -1 0
M= (_n_H)N(o ) 0 (-m)" [0 2} e

At the fundamental wavelength we will have minimal reflection, whereas around Ay we have
the rejection band of the QW stack. The physical reason is the destructive interference of
the reflected beams in the HW-layer. We can reduce the spectral bandwith of the NBP by
increasing the life time in the mirror cavity. This can be achieved by increasing the number
of layers N.

For maximum transmission we might additionally include matching layers

airlmatching 1|M;|C;|M3|Cs|...|M|matching 2|sub = air| matching 1matching 2 [sub.

AR
(8.5)

Minus filter (notch filter)

The last design we want to discuss is a minus filter, the opposite of a NBP. We can take a QW
stack with a small rejection bandwidth. According to equation (7.3) this can be realized with
a small refractive index contrast. Alternatively one can also use a Bragg filter, a rugate filter
or simply a higher harmonic of a QW.

As an example we can use a QW at 1500 nm with

4 ng—n
AL =232 arcsin( H L). (8.6)
o T ng+ng

Since the spectral widths are the same for fundamental and 3rd harmonic Avging = AV3rd harm.
we find for Al34

AL AL A2 1 AL

fund _ 2231 s Adarg = 29 = “Adpng with Av=—2. 8.7)
AZ A2 A2 9 A2

und 3rd fund

Furthermore we find that AA decreases for increasing layer thickness d, because thicker lay-
ers create finer structures.
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9 Helpful formulas

Fresnel equations for oblique incidence

711 COS @ — Ny COS 211 cos

= 4 v and t;= 14
11 COS QY + Ny COSY 11 COS Y + Ny COSY
N2 COS( — Ny COSY 2n1cos@

12 COS + Ny COSY

System of equation for s-polarized light € = €(z)

9.1

p and tp = .
12 COS (P + N1 COSY

du . dv . .
P =ikgv, e =iko(e — &%) u Boundary conditions: u©=1, v = fgCOSQ;
z z
reflection coefficients: t=E;/E,, r=E,/E,
21ngCcos UgNgCOS Y — V)
transmission/reflection coefficients: = 0 L4 , = 070 ¥~ Yo
Upny COSY + Vg UpNp COSY + Vo
. . Re(figyp COS Q)
Intensity coefficients: T = sub s 11>, R=|rl%
N COS P
. . R cosd ————sind ) R
single film matrix: m = ncosy with 6 = kpfid cosy
—inncosysind cosd
2npcosg

transmission: = - -
(m11 + M2 gy COS P ) N COS P + (M2 + M2 gy COS Ps)

_ (ma1 + miaflgup COS Q) 1o COS P — (M1 + M2 Alsub COS Ps)
(my1 + My2figyp COS Q) Ny COS @ + (M1 + M2 Algyp COSP§)

System of equation for p-polarized light € = €(z)

reflection: r

du dv 2 cos
— =ikpev, — = iko(l - 6—) u Boundary conditions: u=1, v=— Ps
dZ dZ & nsub
reflection coefficients: t=H,/H,, r=H,/H,
2cos Uy COS Y — Ny V
transmission/reflection coefficients: = Ld , = 0COSP ~ Mo to
Uy COS Y + nyvy UpCOS @Y + N o
. . Re(cos @,/ figyp)
Intensity coefficients: T = Psllsub)) 2 R = |r 2.
cosp/ng
5 in .
. ) . cos — sin . R
single film matrix: m = cosy with 6 = kofidcosy
—icosy/nsind coso
2ngyp COS Y

transmission: =
(my1 sy + M2 COSPs) COS P + (M2 Nsyp + M22 COSP) N

_ (my1ngyp + M2 cOs Q) COS P — (M1 Nsup + M2z COSPs) Ny
(M1 Ngyp + M12 COSP) COSP + (M2 Ngyp + M22 COS P ) Mg

reflection: r
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Reflectance of different QW stacks (no absorption)

2
ng 2N
no— n Nsub
N H
(LH) R= 5N
nr
no + Nsub
ng
2
ny 2N
no— n_ Nsub
N L
(HL) R= 5N
ng
no + Nsub
nr
2
n%_IN+l
NoRlsub — — 5
N _ nr
H(LH) R= 2N+1
gy
NoNgyp + N
ny

Absorption calculations

Assume #n=n+ix and &=¢,+ig;

Express € as functionof 2: ¢, = n® —«?, £, =2nK

. 1 2 2 &j
Express n as functionofe: n=—\/e, +\/es+€e5 x=—.
N ! 2n

2mc

w
Absorption coefficient: a =2x—, o= 0
c
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