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1 Phenomenological representation of non-resonant
nonlinearities
1.1 The polarization as the origin of nonlinearity in optics

We start with MAXWELL’s equations in the optical domain without external charges, currents
and no magnetization

N OB o

VxE=—-—— V-D=0 1.1
37 (1.1

o oD N

VXB:/JOE V-B=0, (1.2)

where E ist the electric field, B the magnetic induction and D the dielectric displacement
which is defined as

D=¢eyE+P, (1.3)

consisting of a vacuum contribution &o E and the polarization P of the material. We note that
MAXWELL’s equations are linear in all components.

The polarization of the material P is the source of nonlinearities and is driven by the elec-
tromagnetic fields. It cannot be deduced from electrodynamics, but we need quantum me-
chanics/solid state physics. Furthermore it has to obey symmetries which will be discussed
in this chapter.

We define the polarization P(r, t) at a fixed point in space r and time ¢. In principle it de-
pends on electromagnetic fields acting on all other places r’ and other times ¢’ as P(r, 1) =
PIE(r',t), B(r', t')]. However, we make several assumptions to simplify our calculations:

* There are only local interactions: r = r’. We explicitly exclude the propagation of a
polarization in the material. This means the polarization of one unit of the material
is influence by light acting on just that unit only. The reason for that is that nonlocal
effects on atomic scales take place at ~ 10~1%m while the variations of the optical field
are ~107%m.

* Causality: The polarization cannot depend on fields from the future ¢’ < r.

* No external action on the polarization within the memory time of the material. The
polarization depends on time differences only P(r,t) = P[E(r,t—1),B(r,t —1)] with
7>0.

* No magnetic effects P(r,t) = P[E(r,t—1)]

The above assumptions are well justified for conventional materials. Unfortunately, a further
simplification is not straightforward.
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1.2 The Taylor expansion of the polarization

The general idea ist that for non-resonant nonlinearities the interaction between photons
via the material is weak. This implies that only a very limited number of photons hits one
atom of the material within the relaxation time/memory of the polarization. We can classify
the polarization with respect to the number of interacting photons

Pt) =PV 1)+ PP 1)+ P®(p). (1.4)

The linear polarization PV () is induced by a single photon and is by far the dominant po-
larization. P®®(¢) is the nonlinear polarization of quadratic/second order and is induced by
two-photon processes.

a.) Linear polarization

We start by only considering one vector component plﬁl) (£) which is driven by all other vector
components of the electric field E; having interacted with the atom at all times ¢ — 7; in the
past

o0

3
P (1) =g Zl/drlRS.) (TDEj(t—11), (1.5)
]:
0

where ng}) (t1) is the linear response function. It is a time dependent second rank tensor
which is decaying rapidly in time.

b.) Nonlinear polarization of second order

We can apply the previous procedure to higher order interactions in the same way. Now we
assume that two photons have interacted at times ¢ — 7, and ¢t — 7, in the past with the atom.
They both have to be taken into account leading to

/dT1
1
0

The response function Rg)k is now a third rank tensor which depends on two times. In a

PP (1) =g

J

dvy R (71, 72) Ej(t = 71) Ex(t — 72). (1.6)

T

similar way we can represent all higher order interactions R,

The response function R"” has some special properties:
e Itisreal valued, because we have only considered real valued fields.
e It must obey causality corresponding R (14 < 0) = 0.
* It must be symmetric with respect to an exchange of arguments

e Has the the symmetries of the respective material.
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Symmetry consideration for inversion symmetric materials

The latter property shall be demonstrated for a quadratic nonlinearity represented by Rg)k (T1,72).
We assume the nonlinear material to have inversion symmetry as it is found in many crystals
as e. g. Si, NaCl or in all amorphous materials, liquids or gases.

We introduce a formal inversion operator J which does not act on material parameters of

inversion symmetric materials le(.?k(Tl,rg) Rl(])k(rl,rg) but performs a sign flip of vec-

tor components jE; = —E; and JP; = —P;. We now apply the inversion operator to equa-
tion 1.6

3
JIPP@)=7e0 3 / dr; / dr2 R, (71, 72) Ej (£~ 11) Eg(t ~ 12)
L=ty
3 o0 o0
=gy ) /dTl/dejRg-)k(Tl;Tz)]AEj(t_Tl)jEk(t_TZ)
l,]:lo
3 o0 o0
PP =g Y. /drl/drzRﬁ.’k(n,rz)(—l)Ej(t—n)(—l)Ek(t—Tz)]
pk=ly 0
—-PP (1) = PP (1. (1.7)

This implies that PZQ) (1) must be equal to zero for all times ¢ which can only be fulfilled with
Rz(i)k = 0. In a similar way we can prove that all even order nonlinearities must vanish in cen-
trosymmetric and amorphous materials.

1.3 Polarization in frequency space

In optics we usually deal with monochromatic fields and are more interested in the spectral
amplitudes than in the fast temporal evolution. Often it is required to quantify the nonlinear
response on certain frequency components of the electric field.

a.) We start with the decomposition of the optical field into its frequency components via
Fourier transform which are defined in this lecture as follows

E(t):/dwE(w)e‘i“” and E(w):%/th(t)ei“”. (1.8)

—00 —00

The temporal field E(¢) is thus a sum of oscillating fields each having a spectral amplitude
E(w). Note that E(¢) is real valued which implies that E(w) is symmetric

[e’e) *

E(—w):%/th(t)e_lwt [ /th(t)e“‘” =E*(w). (1.9)

—00
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This means that the spectral amplitudes at negative frequencies E(—|w|) are nonzero, but
strictly correlated to their positive counterparts and thus need not be considered separately.

b.) Now we can find an expression for PV (w) by inserting (1.8) into (1.5)

3 [e.0]
PEI)(t):eo ;/dTlRl('})(Tl)Ej(t_Tl)

o0

[e,0]
3 .
:gOZ/drlRl(.})(rl)/dwﬁj(w)e_“”“_”)
f=10 A

(o 0] 3 (o 0] oo
= /da)eoZ/dnRE})(Tl)eiw”Ej(w)e_i“”: /dwﬁl?“(w)e—iwf. (1.10)
“o0 =19 “o0

f’lm (w) is the spectral amplitude of the linear polarization. It depends on fields oscillating
with the same frequency in a linear way

[e.@]

3

P (w) :EOZ /drlRlﬁy(rl)er Ej(w) —SOZ)(ED( wlw)E;(w). (1.11)
=1

Here we introduce the complex valued linear susceptibility )(S) (—w|w) which is the Fourier

transform of the real valued response function
[e.@]
xﬁ-?(—wlw) - /dTIRlﬁ})(rl)eiw“. (1.12)
0

The two arguments of X%.)(—a)lw) are introduced for consistency with the following nota-
tion of complex coefficients. The first argument represents the negative of the frequency of
the induced polarization, where the second argument stands for the frequency of the elec-
tric field. Of course, in the linear case the frequency of the induced polarization and of the
electric field coincide and therefore the first argument is usually omitted in the linear case.
However, as we will see below such a simplification is no longer possible in the nonlinear
case.

c.) Similarly as before we can perform a spectral decomposition of the quadratic polarization
P (1) by inserting (1.8) into (1.6)

o0 o0

3
P§2)(t) =£0 ), dTl/dTZRz%)k(Tl,TZ)Ej(l‘—Tl)Ek(l‘—Tz) (1.13)
ij=17
3 7 ® o
=&y Z /dTl/d ZR,%)/C(TI»Tz)/dle](w )e—lwl(l’ Tl)/d(x)gEk((x) )e~ w2 (t—72)
i,j=1 0 0 .
0o oo , @ 00
= /da)l/dwgso Z dTl/dTZRﬁ-)k(Tl,Tg)ei(wlT1+w2T2)Ej(U)l)Ek(wg)e_i(wl+w2)t.
J ij=1
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Now we apply the Fourier transform to (1.13)

(o.0]

~ 1 .
2) _ iw,t p2)
PP = [ are e

(o .0] o0

1 .
:E dte“"!’t/dwl/dwg[
—00 —00

(e .9]

™
=]
i
H
\

00
dTl/deR(z) (11,7 )el(w1T1+w2T2)E (wl)Ek((UZ)e i(w+wy)t
0 0

:i/d 1(wp w1—w2)t
21
—00
o0 o0 3 o0 o0
/dwl/dwg € ) drl/drgRg"j.)k(rl,rg)ei(“’””‘”m) E (1) Ex(wy).
—00 —00 i’j:10
(1.14)
We make use of the definition of the delta-distribution
o0
1 .
g/dte‘(wp_“’l_“’Z)t:6(wp—a)1—w2) with /dx6(x)f(x):f(x:0). (1.15)
—00 —00
Inserting the delta-distribution and integrating results in
o0 o0 3
PP (w,) = / doy [ dwz Y 1 (wplor,w2) Ej(@) Er@2)8 @)y — w1~ w2)
Jrk=1
o0
35, 3 _
/dwleo > xﬁ.jk(—wplwl,wp—wl)Ej(wl)Ek(wp—wl) (1.16)
Jrk=1
—00
with the nonlinear susceptibility of second order
[e.@] o0
1 wplon,w) = /drl/drzRﬁ.’k(n,rz)ei(‘””l*‘”m). (1.17)
0 0

Several comments are in order:

* Nonlinearities generate new frequencies in the induce polarization, which are con-
verted to optical fields with new frequency components (new colors) by emission.

¢ The delta distribution 6 (w p—w1—w2), which we have finally integrated, ensures energy
conservation.

* A photon of frequency w, can only be created, if its frequency is equal to the sum of
the frequencies of the initial photons (including negative frequencies).




1.3 Polarization in frequency space NLO

* Because the spectral amplitudes of the electric field can also have arguments with neg-
ative frequencies, equation (1.16) incorporates difference as well as sum frequency
generation.

d.) Higher order nonlinear polarizations are introduced in the same way as to derive equa-
tion (1.16)

(e 9] [e.@]

3 3
Py, (n)(wp) = /dwl.../dwneo YooY [ngal...a,,(—prl»---,wn)Eal(wl)
—00 —-00

ar=1 ap=1
n

B (@080 - Zwk)] (1.18)
k=1

with the nonlinear susceptibility
o0 o0
)(fx’?alman(—wplwl,...,wn):/drl.../dran;alman(n,...,Tn)e‘(‘””l)...el(‘””"), (1.19)
0 0

_—n ) . .
and Wp = Zi:l w; ensuring energy conservation.

Of course one of the frequencies found in the integral in equation (1.18) can be removed by
performing the integration and evaluating the delta-distribution. We also want to list some

properties of )(ff;al vty (COplOL, .., @p):

* Only defined/different from zero for w, = w; +... + W,

* Arguments originating from the driving fields (frequencies and indices of polarization)
can be exchanged together:

) _ @
Xapal...ak...al...an(_wp|w1---wk---wl---wn) =Xapay...ap...ag...ap (_wplwl---wl---wk---wn)

* The susceptibility carries the symmetries of the respective material. The higher the
symmetry of the material the lower the number of independent coefficients.

* A KRAMERS-KRONIG transformation can be performed with respect to one of the fre-
quencies. It links real and imaginary parts of the coefficients as

Oty O @1, .. 0....00)

® — Wy

1T X
Xg?alman(—wp(wo)lwl,...wo...wn)=a~@/d@
—0o

with & being Cauchy’s principal value integral.

e.) Furthermore we want to take a look at the nonlinear interaction of several continuous
waves (cw) which are discrete frequency components instead of a continuous spectrum

E(H= %Z (Exe 2" +c.c.). (1.20)
A

The quantity |E, | is the peak amplitude of the electric field component with frequency w;,.
Fourier spectrum of sum of cw-waves is equal to a sum of delta functions

Ew) = %Z[E;L6(w—w;t)+E;{6(w+w;L)]. (1.21)
A
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The nonlinear polarization of n-th order induced by cw-waves is a sum of harmonic oscilla-
tions

1 .
PY(0 =23 (Per! +c.c.). (1.22)

wp

We now want to determine the amplitudes of harmonic oscillations of the nonlinear polar-
ization of n-th order induced by cw-waves PL(J;) by following these steps:

1. Formal integration of equation (1.18) using the Fourier spectrum from (1.21).

2. Inserting the nonlinear coefficient )(ff;al ...a, (—Wplwy,...,wy) defined in equation (1.19).

3. Evaluating the Fourier spectrum of nonlinear polarization of n-th order induced by
cw-waves

_ 1
PP @) ==Y (PWS(@-wy) + P 6w +w)). (1.23)

2,

4. Evaluating permutation symmetry (incorporated into the K-coefficient).

The spectral amplitude of the nonlinear polarization can now be written as

3
P(E)r]la)ap :£OZK(_wp|iw1,...iwn) Z X(n) (Xn(_wpliwl""iwn)E(*) El(;‘)xn (124)

apai... 1,a1
{xwy} a1...ap=1

* +w): one of the frequencies of the interacting cw-waves, either positive or negative

. E;*‘)“: vector component a, of the field amplitude E, of the continuous wave oscillat-

ing with w,. In case of the negative frequency the complex conjugate field profile E} ay
is chosen.

* {tw,}: all combinations of interacting +w, including negative frequencies, which gen-
erate w,, but no permutations.

The factor K(-wp|+w, ... +wy) incorporates the effect of permutations. It includes all factors
% used to express the amplitudes of the electric fields and the polarization. We can generalize

itin the following way:

K(-wpl £ 1,... £w,) =2"""p, (1.25)

n: order of the nonlinear interaction

e p: number of permutations of the +w, (p is equal to n!if all frequencies are different.)

* m: number of w), being zero (For those the factor %

sion (1.20) for the fields.)

vanishes in the above expres-

I: equal to 1 provided that w, is not zero, otherwise [ =0
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1.4 Symmetries and conserved quantities

a.) Complete permutation symmetry

We want to extend the permutation symmetry of the electric fields represented by w, to-
wards the induced polarization:

Xapar...ap...an (_wp|0)1 L WEWR) = Xarai...ap...an (wilwy ---_wpwn)- (1.26)

This assumption is justified far away from resonance which means that nonlinear coeffi-
cients can be expressed by a Drude model

1 n 1

(n)

Xaa man(—wplwl...wn) ~ | | , (1.27)
Pl w5 — w5 j=) Wi — w5

where wy is the resonance frequency of the material. The frequency of the polarization does
not play an extraordinary role and can be mixed with the other components.

b.) Kleinmann symmetry (no frequency dependence)

The preconditions for the Kleinmann symmetry to hold are that we deal with frequencies in
the transparent domain of the material which are far away from resonances (a)g > w%, and
a)(z) > wi). Then all frequency dependence can be neglected. Often Kleinmann symmetry is
assumed because of the lack of more detailed knowledge.

For quadratic nonlinearities we can introduce a matrix notation based on field amplitudes
of cw-fields defined in (1.20) and (1.21)

Ex(w1) Ex(2)
2) Ey(w1)Ey(w2)
ij(cm =2e0K(~w,lw1, w2) le---gls Ez(@1) Ez(2) (1.28)
S| R | By @n Ea(w2) + Ex(@n) Ex(wn) | '
: 31T By (1) B (02) + E- (01) Ex(@2)
Ex(w1) Ey(w2) + Ey(w1) Ex(w2)

The d-coefficients are a very common representation of quadratic nonlinearities. They are
orientation dependent (x- and y-axis usually aligned parallel to the crystal axis). We can also
write down the K-factor for all cases possible:

* All frequencies different and nonzero: K =1
* w1 =Wy 0rw; =-wy: K=3

e w;=00rwy=0:K=2

10
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c.) Conservation laws

For arbitrary orders of nonlinearities we can find conservation laws which are valid in the
absence of dissipation or losses. We note W) as the energy flux of a field component of fre-
quency wj which pointsinto a certain direction. Energy conservation means that ), W) =const.
For non-degenerate processes |wq| # |wg| and arbitrary @ and § including the induced po-
larization we have photon flux conservation

Wy Wp

—— — —— =const. (1.29)

To successfully create a photon at w, a photon of each of the interacting waves must be
absorbed (photon number difference remains conserved).

1.5 Cubic nonlinearities in isotropic materials

Cubic nonlinearities can usually be neglected if quadratic nonlinearities are present. There-
fore they are only relevant if quadratic coefficients vanish (e. g. in inversion symmetric ma-
terials as glass) or if quadratically nonlinear processes are suppressed (e. g. due to the lack of
phase matching). The susceptibility tensor

X @1+ 02+ w3) 01,03, 03) (1.30)

possesses 3* = 81 elements.

From now on will will only consider isotropic materials with the highest possible degree of
symmetry, which means they have the minimum number of independent elements.

a.) All coefficients are equal j=k=1

These are coefficients such as ng’;xx or )(g,g;xx. We assume that E points into the direction of

equal coefficients
E= (E]' +E; + El)ék.

Thus, the induced polarization must point into the same direction as E because the material
has no internal direction. Since E||P we have

3 . 3 3 3
A, =0 for i#k and x%& =x0 =19 . (1.31)

The three non-vanishing elements must be equal as no direction is preferred. Thus we only
have one independent element.

11
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b.) One coefficient is different j =k #1
Here we assume that E points into the two relevant directions
E = (Ej + Er)er + Ej€,.

The vector components of P® at a fixed frequency are Pl@ ~ )(E.?,’C)HE jExE;. We assume that
the material is rotated around the singular axis (/) by 180°. In the new coordinate system the

electric field is
E'=—(Ej+Epeé, +Eé&,.

As the material is isotropic the nonlinear coefficient has not changed by rotation X(S)

ikkl ~
)(EEI’C),; ;- The vector components of PY in the rotated coordinate system are
3)’ 3 3
PY ~y® (—Ej)(-EQ)E; = PP (1.32)

This is only possible if P®®) points along the axis of rotation. It follows that ngl)c)k ,=0fori#l.
Thus we have 18 non-vanishing coefficients (all permutations are taken into account, for
different frequencies permutations give different coefficients)

3)

3)
Xxyyx

(= (w1 + w2 + W3) w1, W2, w3) # Xxxyy

(= (w1 + w2 + w3)|w1, W2, W3). (1.33)

However, we only have three independent coefficients e. g.
3 3 3 3 3 3 3
ch;/yx = chz)zx = Xg/%xy = nggzy = X(zygxz = X(Z)zyz 7 nggyy' (1.34)
c.) All indices are different j#k#1#j

With the same arguments as above we can perform a 180° rotation of the material and the
coordinate system around e. g. the j-direction and will find out that P® must point into that
direction. This we can do with every of direction as all are represented by a single field. As
P® can only point into a single direction it must vanish for that condition. All coefficients
are zero.

Concluding our results a general y® tensor has 21 non-zero coefficients and only four in-
dependent coefficients. In the following we will introduce degeneracies in the interaction
waves leading to Third harmonic generation and self-phase modulation.

1.56.1 Third harmonic generation (THG)

For this process we consider the case j = k # [ = i with the nonlinear coefficient

@ (_
Xijkl( 3w,w,w,w).

Since the arguments are equal the frequencies can be exchanged freely

@ ., _,8 - _,0
Xxxyy = Xxyxy = Xxyyx = - = Xijkk (1.35)

12
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In total we have only two independent coefficients XS)kk and y®) . In case of THG they are

iiii’
not really independent which will be shown in the following.

We assume that we can rotate the material in such a way that the electric field E points into
the y- and z-direction

P
van

The resulting components of the polarization are

E?
Py = €K (=30lw,0,0) — R R S L2
(1.36)

E?
B = enK W 3) (3) 3) ® \g
P = goK(-3w|w,w,w) 2 (Xzyyz+Xzyzy+Xzzyy+Xzzzz) z

For THG there are no frequency permutations p = 1 which implies K = 1/4 (see equation (1.25)).
Then we have

EZ
P = £0K (=3010,®,®) = BX 322y + Xyyy))E- (1.37)

The polarization is parallel to E which is no surprise, as the material is isotropic.

Now we assume that the material (and the coordinate system) is rotated in such a way that
E points into the y-direction. This implies

PY = g)K(-3w|w,w,w)E*x ), E. (1.38)

The relation between P® and E must be independent of the rotation. Therefore we can
equate (1.37) and (1.38)

3 1
®) ® _ .0
S Xyzey T 5 Xyyyy = Xyyyy: (1.39)

This means in an isotropic material THG is determined by a single independent coefficient

@ ., - _,3 @ _,68 _,08 _a,08)
Xxxyy = Xxyxy = -+ = XTHG and Xxxxx = Xyyyy = Xzzzz = 3XTHG' (1.40)

We can generalize the total third harmonic polarization by first looking at a single compo-
nent

1
3 3) 13 3 2 3 2
P; )= EOZ(X;J)’J’)’E)’ + 3X(yz)zyEyEz T SX};XJ’EJ’E)C)

3
= 0 Xnl(E5 + B2+ EX)Ey

THG
= ey E’E 1.41
— &0y Xtug® By (1.41)
Thus the total third harmonic polarization is
PO =2y EE (1.42)
= €03 XtHG : :

The third harmonic generated in an isotropic medium:

13
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* points into the direction of the exciting field

* vanishes for circularly polarized light.
For left circularly polarized light: E = %(éx +iey) which means E?= %2 - %2 =0.

We want to give an explanation for this phenomenon. In an isotropic medium the direction
of polarization is entirely determined by the direction of the exciting field. In case of circu-
larly polarized electric field the polarization can only rotate with the rotation speed of the
fundamental harmonic, hence one rotation per optical cycle of the fundamental harmonic.
Therefore, only polarization at fundamental harmonic frequency is generated.

1.5.2 Self phase modulation (SPM) or optical Kerr effect

Here we have the following nonlinear interaction: ng})kl (—w|w,w, —w).

The negative frequency —w corresponds to the complex conjugate of the field E*. The non-

linear polarization and the driving field coincide in frequency. We observe a nonlinear phase

modulation Re )(5.3.) and losses Im )((.3.) of the initial wave only. We have more independent
jkl ijkl

coefficients than for THG, e. g.

15, Colw,0,-0) # 19, (~olo,0,-0,). (1.43)

The third order nonlinear polarization has the following form:

PP =eq K [2( 00 a EeP By + Xl B2 Ey )+ 250,y By PEy + Xl BBy + X E2E; |
3/4
(1.44)

For SPM we have three frequency permutations (p = 3) and therefore K = 3/4 (see equa-
tion (1.25)). We use the same arguments as for THG

3) 3)

1
_1 3) 3) 3) 3) 3)
Xyyyy =35 (Xyzzy +2X ) +2y (1.45)

yyez T Xyyyy) = Xyyyy = Xyzzy yyzz:

P = gOK[zx(j’y)zzuExF +1Ey P+ |E1)Ey + x 5ho JEyPEy + x ) (S + EE)E;]

= gOK[zxf'y)zzuExF +1Ey P +|E))Ey + 4 V), (Ex + Eo + Eﬁ)E;]. (1.46)

Neither x, y nor z direction are preferred:

3 .
PO = Jeg (222 BPE+ 2. E2E”). (1.47)

We find two independent coefficients and want two discuss both nonlinear actions:

e First term: |E|*E
depends on the intensity only and is a pure phase modulation or a nonlinear loss

14



1.5 Cubic nonlinearities in isotropic materials NLO

* Second term: E2E*
is sensitive to the state of polarization of the electric field and completely vanishes for
circularly polarized light as E? (see end of section 1.5.1). It bears half of the contribu-
tion as the first term for linearly polarized light.

We can further simply the result for KLEINMANN symmetry (no frequency dependence):

Xg;o’z)zy = )(3,33),22. Only a single coefficient is left and we obtain

3
pY = gOL—L)(g,gJ),ZZ(2|E|2E+E2E*) : (1.48)

Optical Kerr effect

Now we take linearly polarized light (e. g. E = Eéy)

9 9
3 3 2 . 3 2
P(’:gozx(y;ZZ|E| E=¢yAy with Ax=zx(yy)zzlEl- (1.49)

The action of the nonlinear susceptibility can be expressed by a change of the refractive index

n=,/1+yas
Ay 9
An=\/n2+Ay—ng~ % - 8_%X§;ZZ|E|2, (1.50)

where ny is the refractive index in the absence of a nonlinear action. As there is no gen-
erally accepted definition of the amplitude of an oscillating field one prefers to refer to the
intensity

I= %cnolElz. (151)
We can replace the electric field in (1.50) and find

3)
9 Xyyzz

An=nyl with np,=- . (1.52)
4 ggcn
We want to give some examples of nonlinear refractive indices:

m?>
silica np=23-10"— (1.53)

\\Y

m?2
Alg.15Gag g2 As(1,5um) 1y :2,1-10‘17W. (1.54)
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2 Resonant nonlinearities - a quantum mechanical
representation

In what follows we will shortly discuss the kind of nonlinear response, which shows up close
to a resonance of the material. If the energy of the incident photons just roughly matches
the energy of a quantum mechanical transition, the optical properties of the excited mate-
rial may change dramatically as a function of the incident intensity. A Taylor expansion of
the induced polarization with respect to powers of the acting electrical field as done in equa-
tion (1.4) is still applicable, however, the treatment applied in the last section is no longer
useful. The expansion can usually not be restricted to a few orders and resulting coefficients
turn out to be highly dispersive. Hence, a treatment taking into account the material re-
sponse more seriously has to be applied.

2.1 Equations of motion of a two-level-system

We first want to revise what a two-level-system actually b
is: It is a quantum system with (at least) two energy lev-
els a and b corresponding to distinct states |Wa> (ex-
cited state) and |wb) (ground state) with energies E,

and Ej (E; > Ep). The energy of photons exciting the a O Eqo |wa)
ground state is hwg = E; — Ej,.

Ep |wp)

Real quantum states have many (usually infinite) possible states. A two-level-system is sin-
gled out by the excitation. The dynamics of the system are determined by the Hamiltonian
H for a single electron in an electromagnetic field

L1
H=—(p+ eArea)” + V(r). 2.1)

The term V(r) is the potential, which localizes the electrons. A, is the vector potential,
which represents the optical field by

0
Ereq = — aAreal- (2.2)

The subscript real is used to emphasize that observable fields are real valued and that they
contain components oscillating at +w( and —wo. We consider the vector potential as classical
which means that

* The strong field contains many photons
* quantum fluctuations can be neglected
e The field commutes with all operators

* The vector potential is weak compared to atomic fields = Afeal is neglected.
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2.1 Equations of motion of a two-level-system NLO

We can now decompose the Hamiltonian into an unperturbed part Hy and a perturbation

w
N I , e . e?
H = %p + V(r) + EpAreal + real* (2.3)
—_—

N —
i, W

The unperturbed part Hj is the Hamiltonian of the unperturbed two-level-system in absence

of any electromagnetic field. It defines the energy levels E, and follows the SCHRODINGER
equation Hy |w4) = Eq|wa), where |y ,5) is a orthonormal basis of eigenstates (4| |walyp) =
0 ap- The evolution is restricted to the two eigenstates, which means that the system is either

in state a or b. The wave function of the whole system can be expressed as

lw(0) = a@®) |ya) +b(D) |yp) with |a@®))*+|b()I =1, (2.4)

where the second conditions follows from (y () [y (¢) |y (D) |y (1)) = 1.

The interaction operator W drives the nontrivial dynamics and induces changes. Using the
time dependent SCHRODINGER equation leads to

d .
ih—[y(0) = H|y®)
d .
iha(am |wa)+b(@) |wp)) = Ha(®) |wa) +b(@) |wp))
d d R .
ih|wa>aa(r) +ih|wb>5b(n =a(OH|ya.)+b)H|yp). (2.5)

Multiplying from the left with (y 4/,| and using (¥ 4|wp|¥alwp) = 645 leads to

d A .
ih—a=Eqsa+{yaWlya)a+{y.Wly,)b

det
d R R (2.6)
ihb = Epb+ (Yol Wiy )b+ (yul Wiy a) a.
interactio?lr elements
Matrix elements of the interaction operator
We first calculate the symmetric elements:
. e . e .
<U/a|W|Wa> = <Wa|EpArea1W/a> = EAreal<1Va|p|1//a>
e h . =
= %ArealT/dea(r)VWa(r)
e h -
= EArealg/dVV(u/a(r))z =0. 2.7)

The last integral just gives us the values at the boundary. For a decaying wave functions the
boundaries are zero, leading to vanishing interaction terms. In the last line we assume a real
valued vy ,(r).
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2.1 Equations of motion of a two-level-system NLO

The second matrix element (.| W|y},) = (| Wlw,)" is responsible for transitions between
the two states. It is usually nonzero , provided that an external field is present and both states
have different parity. For the evaluation we need a helpful commutator relation

— p°F) = —(IF, plp + pIF, p) = —p. (2.8)
Now we can calculate the matrix element as
(Wal W) = — A (Wal plrp) = — A < ‘7 Hy — Ho#)| >
Ya Yp)= m real \ValPIV¥p) = m real \ Ya in 0 o) ¥y
ie .
= Areal 7 (Ea— Ep) (WalPlyp). 2.9)

The optical field couples to the states via the dipole moment of the transition
(WalFlyp) :/qu/Z(r)rt//b(r). (2.10)
In the following we want to transform a and b into macroscopic observables:

a.) Inversion I=lal*-|bl?

The inversion describes the state of excitation of the two-level-system. It can vary between
-1 (no excitation) and 1 (maximum excitation). For its evolution we use equation (2.6)

dar d, , o 2.4) d 2 d o
_—— — = — 2 —1 :2—
T dt(ldl |b|°) dt( lal®—1) dt'al
—2a*da+cc—2< |(Wlyp,)a*b+c.c
B TARR AL ©
2e ¥
= 75 Aveal(Ea — Ep) (wal Plyp) a* b+ cc. 2.11)

Now we want to do a frequency analysis of ab* for a weak perturbation W and a resonant
excitation (E, — Ep)/h = wy. If the energy of the state is much larger than the interaction
energy the solutions of a(#) and b(t) using (2.6) are

a(t) ~ exp —lE—a , b(t) ~ exp —lE—b . (2.12)
ht ht

This leads to the following expression for ab*

Ea_Eb

ab* ~ exp(—i t) ~ exp(—iwg 1), (2.13)

which means that ab™ is related to the optical polarization.
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2.1 Equations of motion of a two-level-system NLO

b.) Polarization
The classical change of inversion is a result of absorbed optical power

dl ) absorbed power per system 2 1 E 0
dt " energy required to excite a system E,— E, N real g

Preal. (2.14)

This can be understood by noting that power is Voltage times current, where E¢, corre-
sponds to the voltage and %Preal to current. The latter one can be understood that the polar-
ization describes a deviation of the electrons from their rest position in the lattice. A change
of polarization describes the electron oscillations around their rest position and thus a cur-
rent. Then Ereal%Preal is the absorbed power per volume. It contains fast parts (oscillations
with = 2wy), however, they average out or can be neglected. In the following we only consider
the slow/almost stationary parts.

We decompose the fields into fast parts oscillating with the carrier frequency of the optical
field wo and slowly varying amplitudes

Prea(t) = %[P(t) exp(—iwgt) + P* (1) exp(iwo?)]
1

Ereal() = 5 [E(1) exp(—iwo?) + E* (1) exp(iwp1) (2.15)
1

Areal () = 5 [A(#) exp(—iwg ) + A* (1) exp(iwg 1) ].

The amplitudes are assumed to be slow that their time derivatives are negligible compared
with the derivatives of the fast-varying exponents

0 2 1

lwoA(D)| > | =A()| = A(t) =" —E(1) (2.16)
ot iwg
0 0 ia)() . % .

lwoP(1)| > |&P(t)| > &Preal(t) Sl [P(1) exp(—iwgt) — P* (1) exp(iwo1)]. (2.17)

Then we can formulate the classical evolution of inversion
drl ¢ .14) 2 1 0

— —P
dt Eq—Ey N %ot
2 1 E*(t) —iw
_ - (2) 0 P(t)+c.c. +fast oscillations

= LE* ()P(t) +c.c. +fast oscillations. (2.18)
2i(E,— Ep)N

Similarly we can formulate the quantum evolution of inversion

dl o.11) 2e . %

o - ﬁAreal(Ea_Eb)<WQ|r|Wb>a b+c.c.
213) e 1 N " . . _—
(zzls)ﬁw_(E“_Eb) (wpIFlwa) E* (1) exp(iwgt)ab™ +c.c. + fast oscillations. (2.19)
: 0

If we now compare the slow parts containing E* (f) in the classical and quantum formula-
tions
e

i A * . *
ﬁw_O(E“_Eb)<wblrlwa>E () exp(iwgt)ab™ =

wo

mB (D P(1). (2.20)
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2.1 Equations of motion of a two-level-system NLO

The slowly varying envelope of the optical polarization is then

Eq-Ep)*

P= —2eN( L;iw b) (wplFlwa) ab® exp(iwo?). (2.21)
0

———
=1

Here we assume a resonant excitation which means that the frequency detuning Aw is small

Ea - Eb
Aw = T —w << wy. (2.22)

The total or real valued polarization then is
1
Prea = > [P(1) exp(—iwgt) + c.c.] = —eN(yp|Fly,)ab™ +c.c. (2.23)

Now we also want to discuss the dynamics of the nonlinear polarization by using (2.6)

d, . (.da),, (., db\*
1ha(ab )= (lhdt)b a(lhdt)

= (E,— Ep)ab* —{w,|Wiyy) (1al* - |b|?)

. ie .
=(Eq—Ep)ab” - ArealE(Ea — Ep) <Wa|r|w10> I

1 : : ie
~ _ * - —lwol _ p* lwot] = _ A
(E,—Ep)ab Ziog [E(n)e E* (1)e'"’] h(Ea Ep){(walPlwp) I

e(Eq— Ep) [E(t)e—iwot_E*(t)eiwot] (WalFlyp) . (2.24)

=(E,—E P —
(Ea p)ab 2hwe

The driving term of ab* with the wrong frequency (~ e*“0?) is neglected. The evolution of
the polarization can be derived by using (2.24), (2.21) and (2.22)

.dp

Ne? ) .
i :AwP+Tl(wblrlwaﬂ(walrlwb)E). (2.25)

For an isotropic medium with linear polarization of the electric field, the polarization P is
parallel to E which leads to

(WplFlwa) (walFlyp) E) = [ {yp|Flya) PE. (2.26)

Then the final set of equations can be summarized to

Equations of motion

.d Ne? . 2
dI = L E*P+ (2.28)
dt  2ihN o '

Note that up to now the equations of motion contain no damping, because we treated the
optical field classically thus omitting spontaneous emission. Equations (2.27) and (2.28)
are strictly valid only in time domains which are small compared with classical relaxation
times.
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2.2 Rabi oscillations NLO

Conservation law of Bloch equations and the Bloch sphere

As stated before we can describe the state of the two-
level-system as

lw(0)) = a(®) |[wa)+b(®) |wp). (2.29)

Furthermore we have the conservation of the norm
la(t)|? + |b(1)|? = 1 and no interest in absolute phases
which means we can set a to a real value. Now we may
plot the space of the two-level state as a function of
a, Re(b) and Im(b) on the surface of the Bloch-sphere
(sphere with radius 1).

We can now express the norm in terms of slowly varying
envelope of the polarization and inversion

(lal* +1b1%?* = |al* +|b|* - 2|al*|b|* + 4lal®|b|* = (lal* — |b|*)* + 4lab*|?

1
e P2=1 (2.30)
e2N2|<wb|f|u/a>|2| |

and find this conserved quantity connecting inversion and polarization. Here we used
P =-2eN{yp|Fly,)ab” exp(iwot).

Inversion and the scalar component of the normalized slowly varying envelope of the polar-
ization are on the surface of the Bloch sphere.

2.2 Rabi oscillations

In what follows we solve the system of equations (2.27) and (2.28) for a linearly polarized
optical field oscillating with the frequency of the transition Aw = 0 with constant amplitude,
but a step-like envelope (rectangular pulse)

E(t) = EpeO(1)O(t — 1), (2.31)
where () is the HEAVISIDE step function. We assume that for the initial conditions (¢ = —o0)

the system is purely in the ground state / = -1 and P = 0.

a.) Atfirst welook at ¢ < 0 with E = 0. Here we find

d d
—I=0=>1=-1, —P=0=>P=0. 2.32
dz dz ( )

The system remains in its ground state.
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2.2 Rabi oscillations NLO

b.) Now we look at 0 < ¢ < f; with |E| = Ey = const. (real valued). We can decompose the
polarization into its real and imaginary parts

P =[Pgr(t) +iP;(1)]e. (2.33)
Using this we find
dP =0=>Pr(1)=0
4z R = R(L) =
d Né? . 9
P i:_T|<1/’b|r|U/a>| Eol (2.34)
d Ey

Differentiating the third equation we find an equation for a harmonic motion

d? 5 e
FI+Q I=0 Q= 7—1E0| (wplFly,)|| Rabifrequeny. (2.36)

The whole system performs oscillations with the Rabi frequency Q. The solution of the sys-
tem is then

I(t) = —cos(Q1) p; —h—Ng = h—NQsin(Qt) (2.37)
B ’ e Ey dt B E, ' '

c.) Thelastpartis t > t; with E = 0. Here we find again

d hN
aPi =0= Pi(1) = E—Q sin(Q2¢;) stationary envelope
0

d
—I=- Q). 2.38
1z cos(Q2f) ( )

The real valued polarization is then

Preq (D) = ig [P; (1) exp(—iwot) — P} (1) exp(iwot) . (2.39)

After the end of the excitation the polarization keeps on oscillating forever. But, any real
system is damped, an effect we have omitted by describing the optical field classically. Hence
above solution is only valid in a time range short compared with the relaxation time, which
can range from 100 fs in solids up to ms in dilute gases.

We conclude the results from the solution:
* Polarization and electric field need not to be proportional.

e The maximum strength of the polarization need not depend on the electric field strength
(see equation (2.37)).

* The polarization can be present, although the optical field is absent.
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2.3 The influence of damping NLO

1/P

Fig. 1: Visualization of the the inversion (blue) and polarization (orange) for an electric field present
at0<r=<1n.

* Any kind of susceptibility becomes meaningless in the time range of Rabi-oscillations.

¢ A two-level-system can be brought to complete inversion by a single very short laser
pulse.

* For a correctly tailored optical pulse the system can finally return to the ground state
which means that no energy is absorbed (transparent medium). This behaviour can
be reproduced for more complex pulse shapes leading to self-induced-transparency-
solitons.

2.3 The influence of damping

Damping is always present in real world systems. It is caused by the coupling to a continuum
of modes, which could be modes of the electromagnetic radiation, phonons or plasmons. Its
exact calculation requires a quantum mechanical description of the respective field. Here
we just introduce some phenomenological constants into respective evolution equations.

Damped equations of motion

idp- (Aw—i)P+N—ez|<wb|f|wa>|2E1 (2.40)
dt T h
df_ 1 prp_ppry- 121 (2.41)
dt  2iAN To

where T» describes the relaxation time of the polarization and T the life time of the upper
state. Note that the relaxation term of the inversion was chosen such that I relaxes towards
the equilibrium state —1.

We can describes different scenarios using these relaxations constants:

* Free atom/atom in a trap:
Here, relaxation is due to spontaneous emission with rather long relaxation times (ms).
The relaxation is strictly correlated T» = 27Tj.
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2.3 The influence of damping NLO

¢ Dense systems:
These are gases under normal pressure, liquids or solids which will be considered in
the following. They show a strong mutual interaction with many decay channels. The
polarization is dominantly affected by so-called “dephasing”. Therefore T2 is orders of
magnitude shorter than Ty, e. g. in a direct semiconductor: 7> ~ 100fs, T ~

We can now distinguish different cases according to the actual pulse duration T:

a.) T, <T,< Ty (coherent regime)

During the optical pulse we observe Rabi-oscillations. After the optical pulse the polarization
still oscillates, but decays. The system finally relaxes to the ground state.

b)) L<T,<T

Here the dephasing of the polarization is faster than the actual pulse propagates through the
medium. This means the Rabi oscillations have already disappeared and the evolution of
P(t) follows that of E(f). We can estimate the absolute values of the terms in equation (2.40)
as

We can now neglect the time derivative of P(f) which leads to an algebraic equation for the
polarization

(2.42)

P T2

0—(A 4 P+N—ez|< |#lya) PET
Ne? - 2
= P(f)= -1 |<Wb|r|:”“>| IE(D. (2.43)
w=7

The polarization is determined by the actual optical field. Now we can also find the effective
inversion dependent susceptibility

Neé? [{yplFlya)I? :

th Aa)—TZ

. J/

::XO

P(t) =eox()E(t) with y(I)=- (2.44)

The polarization has lost its independence. It has become enslaved. We can now also de-
scribe the evolution of the inversion

ar_ 1 (E*P- EP)—LI_ Im(x(1)|E* 2 _I+1 (2.45)
dr  2ihN T, AN H To '

Ne? [(yolflya) " 1
goh Aw2+ﬁ T

2

with Im(y(I)) = -

24



2.3 The influence of damping NLO

We can rewrite the differential equation as a rate equation of Im[y (#)] by multiplying (2.45)
with the prefactor of Im[y (¢)]

0 Im(yo) Im(p) | EJ? -
N Xo X

[ J/

Im(y) —Im(yo)
To ’

. )

i ©

iIm()() =— (2.46)

dz

with yo being the susceptibility in the ground state. The first term (1) describes absorption
(Im yo > 0) induced bleaching of the transition by reducing Im y. It switches off, when Im y —
0. The second term (2) describes the relaxation towards the ground state.

The complete susceptibility induced by the two-level-system is then

Aw? + %
T,

Finally lets look at the situation when the optical field is constant after the Rabi oscillations
have decayed (f — o0):

e We are in a steady state with Im y > 0.

e Almost zero inversion (I — oo) can be reached where the system is almost transparent.
A complete transparency is impossible, as absorption is switched off close to trans-
parency. Carrier relaxation represented by Tj prevents the system from reaching zero
inversion.

* A state of positive inversion cannot be attained.

c.) << T, (inversion enslaved)

In this situation the time derivative the the rate equations can be neglected % =0> % Im(y) =

0. The imaginary part of the susceptibility is a direct function of the acting optical field. Us-
ing equation (2.46) we find

Im
Im(y) = = (o) replace with intensity
1+ 322 Im(yo) | EI?
_ Im(yo) Ip= £ cniEP
1+ 21 Im(xo) I 2
Im (o) - : Nhcn
=—F saturation intensity Ig = ————. (2.48)
1+ I_g ZT() Im(}(o)

Real and imaginary part of the susceptibility are proportional to each other (c. f. equation (2.47))

_ Xo(w) I Nhcn

(w) =
X + % 7 2Ty Im(yo)

(2.49)

This is the simplest formulation describing the response of an optical transition. It is only
valid for time scales much longer than all relaxation times of the material. It describes a
single transition, to which the optical field is resonant. We only require two quantities for
the whole description:
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2.3 The influence of damping NLO

e The ground state susceptibility yo(w) of the two-level-system (usually only a small frac-
tion of the complete susceptibility)

* The saturation intensity Is.

Equation (2.48) is not equivalent to the expressions derived in chapter (1.5.2) (see e. g. equa-
tion (1.52)). It is not only highly dispersive, but also a Taylor expansion with respect to the
optical intensity yielding such quantities as e. g. n, will only converge in a limited range of
intensities. If the expansion is done at Iy =0

Iy
X=Xo—Xo+— (2.50)
Is

it will diverge for intensities higher than I; and will give wrong results much earlier.
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3 Nonlinear optics and field propagation - a plane
wave approach

In the last chapter we have learned about the nonlinear response of the material. Together
with MAXWELL'’s equations we can now in principle determine any kind of field propagation
in the presence of a nonlinear response. Unfortunately, the complete set of equations in-
cluding all nonlinear interaction is much too difficult to be solved in a self-consistent way.
Hence, approximations have to be made which are usually based on the assumption that
the nonlinear response of the material is small compared with the linear one and that some
peculiar features of the geometry allow for further simplifications. A few examples of such
treatments will be presented in that chapter.

3.1 Perturbation theory for nonlinear solutions

First we start with some assumptions:

* Monochromatic fields: The fields consist of a single frequency w. If required, e.g. for
frequency conversion processes, several discrete frequencies are taken into account.
Ecal, Breal, Preal take the same form namely

1 . .

Epeq(r, 0) = E(E(r)e'“"t +E*(r)e'"). (3.1

e The material polarization at a particular frequency is split into a linear and a nonlinear
part representing the linear part with the dielectric tensor &

P(r) =P (r) + PNV (r) = go(8(r) - D E(r) + PNY(r). (3.2)

* We further assume a linearly homogeneous, but not yet isotropic system
E(w,r)=E(w). (3.3)

Remark: An index profile as it is typical for waveguides can be treated in a similar man-
ner by taking waveguide modes instead of plane waves into account.

e Small perturbation due to nonlinear action: |IPNL(r)| < |eoé(r)E(r)].
We want to briefly state MAXWELL’s equations for monochromatic fields
VxE=ioB, VxB=-iwyy(etE+P""), V-.(e02E+P ) =0, V-B=0.
Taking the curl on FARADAY’s law leads to the wave equation

-

. 2 1 1
V(V-E)—AE:w—(éE+—PNL) with eoto = —

c? £o c?
2 2
— w” w1
(A—Vd1v+—2£)E: -——PN" (3.4)
c ce &
~ ~ s N————
linear operator small perturbation
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3.2 Propagation in z-direction only NLO

First we want to look at solutions E"(r) of the linear system. Then we can write E“(r) as an
eigenvector of the eigenvalue problem
> wz (1)2
& YA -VdivE (r) = ——ZEL(r) with eigenvalue ——. (3.5)
c c
For a homogeneous infinite system we find the solution E*(r) = E¥el*". This is the starting
point to determine the nonlinear solution via perturbation theory.

Remark: One might be tempted to drop the term V - EY, but this is only possible in homo-
geneous isotropic media. In anisotropic media as they are typical for a quadratic nonlinear
response, the term V - E* is not necessarily zero and longitudinal electric fields may occur

Ex 0 O
. OE OF OE
=0 & 0 :v-(éEL):gxaxx+syayy+szazzzo
0 0 g
. dE, OE, OE
= V.El=22,° 7 £ -0. (3.6)

ox oy oz

We want to state requirements on nonlinearly induced processes (e.g. frequency conver-
sion):

* The spatial scales are much longer compared with linear process (e.g. conversion
lengths > wavelength)

e The complex amplitudes of linear solutions may change but not their structure (e. g.
polarization).

The general structure of a nonlinear solution is
E(r) = E*u(r) exp(ik - r). (3.7)

In what follows we discuss several cases for which further assumptions can be made.

3.2 Propagation in z-direction only

In many relevant case (e.g. frequency conversion) very broad collimated beams, which
travel into a single direction are used and any dependence on transverse coordinates (x, y)
can be neglected or taken into account parametrically only. We assume for our solution to
take the form

E(r) = EPu(2) exp(iBz). (3.8)
The related magnetic induction is obtained by the linear solution E# exp(ifiz) via the curl
V x (EP exp(ifz)) = (ifeé,) x (EP exp(ifz)) = iwBP exp(ifz)

BP=Pe «EP, (3.9)
w
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3.2 Propagation in z-direction only NLO

Now we want to insert our ansatz (3.8) into (3.4) where we use that u(z) is a slowly varying
envelope with

d
’—u(z) < |Bu(z)]. (3.10)
dz
This leads us to
o w?
(A —Vdiv+ —é) [Eku(r) exp(ik-r)]
d2
= | (8P - Ee izt —eEﬁ (u(z) exp(ifz))

2

2
= u(z) | (EP - Eféz)d— gEﬁ
dz?

exp(ifiz) + (EP - Eﬁez) exp(lﬁz)( d +21,B d )u(z)

. w? d(d
_ _ . W B . B _ B~ . a4 e .
u(z) (A Vdiv + Z e)EJexp(lﬁz) +(EP —E; &,) exp(ifz) dz(dz +21ﬁ)u(z)

~
=0 linear solution

R aad(d . w? 1
= (Eﬁ - Efez) exp(lﬁz)& (& + 21[5) u(z) = —?g—OPNL. (3.11)
Assuming the amplitude to vary slowly we can simplify
d
(d_ + 2i,6) u(z) = 2ifu(z) (3.12)
z

and multiplying a suitable vector from the left

w? 1

(EP - Eﬁez)exp(lﬁz)Zl,B—u(z) — —pit
c &
EP - EP
id = “’2 exp(-162) ( €)" pi. (3.13)
dz c 2B¢o |Eﬁ—Ef 2|2

As the amplitude u(z) has currently no unit, we change the unit to \/% that the squared
amplitude represents the intensity flowing in z-direction

az) = <s§>u(z) (3.14)

with <s§ > being the z-component of the time averaged POYNTING vector of the linear solu-

tion which we want to calculate in the following:

()= 7Re(ExB )z
0

= ﬂRe[EﬁWX Bﬁ*W]z
0

:LRe Eﬁx(éészﬁ*) - Re[lEﬁIZA -EP(EPe)|
20 w z ,UO

- 'B[lEﬁl |Eﬁ|] 'B‘Eﬁ Be,l’. (3.15)
2po @
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3.3 Diffraction in linearly isotropic media NLO

We can summarize our findings of the nonlinearly driven evolution of a mode in z-direction

Evolution in z-direction

w? 1 (EP-Efey* AL
I—u(z) =——
dz c? 2feg |E'B—E'B 2|2

d | EP-Ee)
i—a(z)=- Lex iBz (3.17)
dz 8,5806'2 |E/3 Eﬁezl p( :3 )

3.3 Diffraction in linearly isotropic media

exp(—ifz) (3.16)

To describe effects of a nonlinearly induced change of the beam profile one has to take into
account the effect of transverse coordinates to account for diffraction, self-focusing and spa-
tial soliton formation. To simplify the analysis, we restrict to isotropic media, which are most
relevant for cubic nonlinearities.

The starting point is again equation (3.4) with a scalar valued dielectric function € = ¢

. 1
(A _Vdiv+ %g)E ‘”2 ~ pNL, (3.18)
c c? go

Again we make the assumption of a weak nonlinear action |PNL| « |epe E| and homogeneity
Ve =0 and use the first of MAXWELL'’s equations

0= [ oeE(r) + PN
V. egeE(r)] = 80£V E(r)= (3.19)

Then we can simplify (3.18) to
wl w? 1
(A+——)E: ———pPNL, (3.20)

Propagation mainly in z-direction

The field shape is determined by the respective linear wave E*(r) = EP exp(ifz) with p* =
8‘3—22. The nonlinear wave takes the form

E(r) = EPu(x,y,2)exp(ifz) with 'Z—Z < |Bulx,y,2)l, (3.21)

where u(x, y, 2) is the slowly varying envelope. E” is the polarization of a linear wave propa-
gating in z-direction which is transverse (no z-component).
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3.4 Pulse evolution in linearly isotropic media NLO

Derivation of the evolution of u(x,y,z)

We can find the evolution equation by inserting (3.21) into (3.20)
w?
(A + ?8) [EPu(x,y, 2) exp(iBz)]

0> & 0 W
= EP exp(ipz) —ﬂ2+21ﬁ— toataat 3y +ZZ/£) u(x,y,z)

= EPex (iﬁz)'d(acz+2ﬁ)+6—2 i u(x, y,z)
B P | dz x2  0y? Y
; [ & P w1
= B exp(if2) |2if g /3 + 32 g7 | 0B = C—EOP (3.22)

We again assumed a slow varying amplitude. Similarly to section 3.2 we can multiply a suit-
able vector from the left and rearrange

o (62+62) 2 =— L L exp(-ipz) L p 3.23)
i—+—=|=—=+—||luxy2)=————¢ z . .
dz " 2B\ox? " )2 Y c? 2B, Ve

Furthermore we can apply the transformation a = <s§ > u to arrive at intensities based on

the z-component of the time averaged POYNTING vector of the linear solution <sz > (c.f. (3.15))
1
<s§> Ppspe. (3.24)
2#0 w

Note that Ef is zero for isotropic media. We now obtain the evolution equation for nonlin-
earity driven diffraction

evolution for diffraction

w3 EP*

£ o .
8Beoc? |Eﬁ|P (2) exp(~ifz). (3.25)

.d 02 0> )
e a(x,y,z) = —

d +%(W+W

3.4 Pulse evolution in linearly isotropic media

To describe effects of a nonlinearly induced change of a pulse profile one has to take into
account a finite frequency spectrum and cannot restrict to monochromatic waves anymore
to account for dispersive spreading, self-compression and temporal soliton formation. To
simplify the analysis, we restrict to isotropic media and a propagation into a single direction
thus neglecting diffractive spreading.

We start with equation (3.20) for monochromatic waves propagating in an isotropic medium
with & = € under the action of a weak nonlinear action at a fixed frequency

( w (U2 NL
A+ —s)E(w, =" Lpng, o (3.26)
c? c? g
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3.4 Pulse evolution in linearly isotropic media NLO

As most of the quantities used in the further derivation are frequency dependent, we restrict
to a fixed frequency wq being in the middle of the investigated spectrum and representing
the carrier frequency of the pulse.

We assume that the field shape is similar to that of a linear wave propagating at w for all
2

relevant frequency components El(wy, 1) = EPo exp(ifoz) with 2 = g(wo)%. The nonlinear
wave has the form

E(w, r):EﬁOu(w,z)exp(iﬁoz) with |3—Z|<<|,B u(w, z)| (3.27)

with EPo being the polarization of a linear (transverse) wave propagating in z-direction at
wy. u(w,z) is again the slowly varying envelope. The spectrum is so narrow that the phase
evolution along z is still well represented by .

Derivation of the evolution of u(w, z)

We can find the evolution equation by inserting equation (3.27) into (3.26) and using the
slowly-varying-envelope-approach

2

2
(A+—e(w))E((u z) = EPoelPo? 21/30—+ — &) - B | uw,2)

2

1
_“’_2_ PN, 2). (3.28)
c &

Now we can multiply a suitable vector from the left and rearrange

2 2 . Bo*
2 ew) - ﬁﬁ)]u(w,zh—w— : e“"OzE P w,2). (3.29)

[az 2[3 ( c? 2Boeg IE 2

M

2 .
We prepare for a FOURIER-back-transform under the assumption that f(w) = ‘g—ze(w) is close
to ﬁ()

1 GVD
)= pl) + ﬁo(ﬁ() ﬁo)zﬁ(w)—ﬁoz—(w—w0)+T(w—w0)2+--- (3.30)

200 Vg
where we use the expressions of group velocity vg and group velocity dispersion GVD

-1 2

0 d
%,B(w) , GVD = —,B(w) (3.31)

Vg =

wo wo

Now we integrate the different spectral components/monochromatic waves of the pulse
o0

1 . .
Ereal(z, 1) = /dwi[E(Z,w)e_lwt'i‘C.C.] = Re/dw [E(Z,a))e_lwt]
0

(=)

=Re

o0
/ dwE(z, w)e“wwo)feiwof] ) (3.32)
0
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3.4 Pulse evolution in linearly isotropic media NLO

Now we can insert our ansatz (3.27) and find

(e 0]
E;ea(z, 1) =Re [Eﬁo / dow u(w, z)e @@ g=ihozwon)

~- —
0 Fourier transform of SVE carrier wave
=Re [Eﬁo i(z, t)elPos=wol) | (3.33)

where we have the FOURIER transform of the slowly varying envelope as

iz, ) = [ dou(w,z)e @ @01, (3.34)

Now we can apply the FOURIER transform (3.34) on equation (3.29) using approximation (3.30)

[e.0]
1 GVD .
/dw ia—JrU—(w—wo)+—2 (@—wo)? + ... | uw, z)e @ 0!
Z
) g
ia+1 0 GVD02+ —_—
= A — T T , <
0z wvgdt 2 Ot
pox T
__ 1 ER do (~? PN (@, )¢~ e 1hoz—000
2Boeoc? |EPo|? '
0
1 [ EPor 8% .
= —PNL(g, 1) | e 1Poz—wod), 3.35
2Bo€oc? | |[EPo|2 012 (z,1) ( )

Remark: PN (z, t) is not the real valued nonlinear polarization, but its complex counterpart,
the real part of which is the direct measurable polarization. It contains the positive frequency
part only, but not its complex conjugate counterpart on the negative frequency side.

Again we can apply the transformation a(z, t) = <s§°>u’(z, t) to express the evolution in

terms of intensities. As before <SZO> is the z-component of the time averaged POYNTING
vector of the linear solution at the center frequency of the pulse wy. Again, we arrive at the
evolution equation for the slowly varying envelope of a pulse

evolution for a slowly varying pulse envelope

d i 0 GVD o 1 EPo* 5% _ ,
i—+i————2+... a(t,z) = [ -2 PN (g, 1) | e Pzl
0z wvgdt 2 Ot V/8BoC2eqw LIEP0|2 Ot

(3.36)
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4 Field evolution for quadratic nonlinearities

The main subject of this chapter will be Second Harmonic generation (SHG). The basic prin-
ciple is that a fundamental harmonic (FH) wave at w is frequency doubled to a second har-
monic (SH) wave oscillating at 2w.

The geometry consists of plane waves propagating in z- W ”
direction (no transverse structure). Note that the orien- S iy
tation of the coordinates is defined by the propagation w x? ”

direction and not by the nonlinear crystal. Because typ- ! I g

ical tensors of the nonlinear response are given with re-
spect to the crystal axis, an additional coordinate transformation might be required.

4.1 Equations of motion

The relevant types of nonlinear polarization are the following:

PP () = e0K(-0l2w,~0) Y A} (-0120,-0)Esy B, with K(-w20,-0)=1

3
Jrk=1

1
PP 2w) = £oK(-20lw,0) Y xi7 (-20|w,0)Ey By, with Kolo,0)=2. @1
jk=1

The interacting waves are one at FH frequency and one at SH frequency. We adapt (3.17) and
W *
L | PN (z, ) exp(-if(w)z)

obtain
rH il o E
l&aw(z) = - 8,6((1))80(32 |Ej_u*
d w3 Eiw* NL
SH i— =— P ,2 —-iB(2 .
g 2@ | Beweoc? |E2*| (=, 20) exp( -1 ew)z)

Here E¥/2¥ = E¥/?? — E¥/2¢_ s the transverse field polarization at FH/SH frequency.

(4.2)

The total electric field driving the nonlinear polarization can be found by using (3.8), (3.14)
and (3.15)

E,(r) = E®u,(z)ef @7 = g a“’_(z)eiﬁ(w)z
\V(52)
EY 20 .
|E®|\| e0c?Blw)

E? 4w :
E = 1/ iplwz 4.3
20 (1) £\ 2oc?p2w) Az (2)e (4.3)
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4.1 Equations of motion

NLO

We can now insert the fields (4.3) and the polarization (4.1) into the evolution equations (4.2)

W e PWE w p(2)
i—a,(z)=- E* P (w
&% =\ Sptwice o L@

i=x,y

w3 e Bz
8B(w)c? |E}|

3
2
Y XA -wl20,~0) B, By,
i=x,y J k=1
03 e if):z 3

- _ EY* ‘2’( 0|20, —w)
86(w)c* |EY| izzxyl %

E®

J 2w) (w)
B2 5002ﬁ(2 ) Ao (2)e i wZ|Ew|\/ eoczﬁ(w)“‘“(Z) e P

1

EY* EV* EZ

_ _ellBw)-2pw)z 2) Zk T a’. (4.4)
\/,6(oz))z,B(Zw)f:oc6 ljzk" lx”klE‘”l |EY| IEZ‘”l ootto

v

.

=X
Analogously we find the evolution equation for ay,, (z)

wd e ihlwz 20% p(2)
= a,(2) = — EZ“*P7 (2w)
dz BRw)c*ey |EZ®| i:zx,y S

w3 e—iﬁ(Zw)z

3
- EZ* Yy (—20l0,0)E
46Q2w)c* |E| i:zx,y l jv; 1 K

3 Zw* W @
—-i[fRw)-2B(w)]z Z 2) E E _J a2 (2). (4.5)
,B(w)Z,B(Zw)gocG e l]k E2a)| |Ew| IEwl )

-~

k=
7((2)

For further simplifications we introduce effective nonlinear coefficients of fundamental and
second harmonic as
Tk T
l] e (—w|2w, —

2)
e = ﬁ(w)c3 \ ﬁ(2w)£o L |Ew| B9 [E2°|

e po B9 (4.6)
X(Z) Z (2) (- 2(1)|(1) w)E E
SH ﬁ(w)c3 (Zw)go i Xiji |E3“| |E| IE‘”I

Now we assume that no further fields are involved and energy is conserved (Manley-Rowe
relations) which leads to the conservation of energy flux

d ) o . oxf . d . . d
0=&(|dw| +|ael|°) = ia,, —1&% +ia,,, —1&6120, +c.c.

=ia} ( ‘Aﬁzxg){am(z)a;(z))+ia§w( ‘Aﬁzx(széa (z))+c.c.

w* w* [20%*
(2)

&n
w wMQJ
Il

2 2
=ie ‘AﬁZX(F})IaZw(z)aZZ(z) ie lAﬁZ)(éP)I* Ar0a5%(2) +cC.C.

=—-2Im [e_mﬁzagwa(zz(}(&) (2)*)]

FH ~ XsH (4.7)
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4.2 Normalization NLO

Here we introduced the phase mismatch
AB =2B(w) - BRw). 4.8)

Note that (4.7) must hold for every z. This can only be fulfilled by

(2) 2)x _. . (2)
Xea = Xsug = Xes- (4.9)

Now we may perform a phase transformation of the SH amplitude
a@) =a,(2) b2 = az,(2)e P (4.10)

which gives us the final set of evolution equations

Evolution equations for SHG

d

FH: i—a +x8a*b=0 (4.11)
dz
d

SH: i——b- ABb+ x4 a® =0. (4.12)

4.2 Normalization

We now aim towards a further simplification of the evolution equations for SHG which might
provide us with simple estimations of relevant scales. For that we introduce dimensionless
quantities:

z2=2yZ, a=+1pA and b=+/I)Be"?, (4.13)

where 7 is the characteristic length, Iy the relevant intensity level and ¢ a constant phase
term. We insert these definitions into (4.11) and (4.12) and find

d
FH: A + Zox A/ Ipe? A*B =0 (4.14)
. . d (2) —igp 42
SH: 1B~ ABZB+ Zox gy loe ' A= 0. (4.15)

Now we can actually choose the normalization constants Zy and I in such a way, that all
constants become unity

1 , X(z)el(p\/l_
IABI” e |AB

Zp now describes length scales for which the FH and SH waves run out of phase. For a per-
fectly phase-matched crystal this length scale goes to infinity. For the intensity we obtain

Zy= (4.16)

1

T @),
|Z Xeff|

2

_|AB
o)

X eff

(4.17)
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4.3 Conservation laws - the Hamiltonian NLO

The characteristic induces a noticeable nonlinear action (it is reduced by a growing non-
linear coefficient, but growing with the squared mismatch). This explains why second har-
monic generation is such a rare phenomenon. Particular care has to be taken to reduce the
mismatch. Otherwise required power levels grow to infinity.

The phase ¢ is chosen as

o= —arg(xfé). (4.18)

It removes the phase of the nonlinear coefficient. This means the phase of the coefficient of
the quadratic nonlinearity has no physical relevance.

Remark: Normalization is not a unique procedure. For example, in case of vanishing mis-
match the sample length is much smaller than the inverse mismatch therefore becoming
the relevant scale.

The final set of normalized equations can be summarized to

Normalized evolution equations for SHG

d
FH: i—A +A*B=0 4.19
dz ( )

d
SH: i—B-0B+ A*>=0. (4.20)
dz

o = sgn(Ap) is called the scaled mismatch and can have values -1,0,+1. The original fields
for agiven A(Z) and B(Z) are

Ereal(z, 1) = /IoRe ezt
real( )= \/_0 MlE(u )
7 %4 )621ﬁ(w)z 2iwt+igp | (4.21)
(Zw)€002 |E2“’I % |

4.3 Conservation laws - the Hamiltonian

We have already enforced energy conservation onto our set of equations
Q =|A> +|B|* = const. (4.22)
A second conserved quantity is the Hamiltonian of the system given by
H=0B*B- A*B* - A**B. (4.23)

We bring meaning to this Hamiltonian by considering that B* corresponds to the creation
of a photon at the SH, whereas B describes the destruction of a photon. The same applies
for A. Then the first term describes the destruction of generated second harmonic light by
destructive interference in the mismatched case. The second term incorporates the SHG by
the annihilation of two photons from the FH wave creating a photon of the SH wave. The
last term describes down conversion of the SH wave into two photons of the FH wave.




4.4 General solution NLO

We now prove that the Hamiltonian is indeed conserved:

dH—UB*dB AZdB* 2AB*dA+cc (4.24)

dz =~ dz dz dz e )
=ioB*(~0B + A%) +iA%(-oB + A®>)* —2iAB* A*B +c.c.

—ig|BJ? +ic|Al* - 2i|A]%|B|? + ieB* A% — igB* A% + c.c.

=0. (4.25)

Since the other terms are purely imaginary they will cancel with they complex conjugated
terms. The quantum relation of the conserved quantities is the conserved norm of the wave
function which is equivalent to total intensity and the expectation value of the Energy (Hamil-
tonian operator) which is equivalent to the Hamiltonian.

4.4 General solution

Now we want to find a general solution for the set of normalized evolution equations for SHG.
We start with a transformation of complex variables into real ones by separating amplitudes
and phases

A(Z) = |A(2)|e94P)  and B(2)=|B(2)|e'%3? (4.26)

giving us four independent variables. We can insert this ansatz (4.26) into equations (4.19)
and (4.20) and divide by e'¥4(?) and e'¥3(?) which yields

d d . .
FH  i—I|AQ2)| - 1AD)|==@a(Z) +|A(Z)|-|B(Z)|e¥B 204D = o
leI (D)1 -1A( )|aZ(PA( )+ |A(Z)]-1B(Z)le

d 5 (4.27)
SH i—I|B(2)|-|B(2)|==¢p(Z)—0|B(Z)|+|A(Z)|?e* ¥4\ A7198l2) — o,
i 1BOI-1B(Z)l——¢5(Z) —01B(Z2)| +|A(Z) e
Now we only consider the imaginary part of equation (4.27)
d .

FH E|A(Z)|+|A(Z)|-|B(Z)|sm(A<p(Z)):0
d (4.28)

SH 17/B@)1- |A(Z)?sin(Ap(2)) =0,

where A@(Z) = ¢pp(Z) —2¢ 4(Z) is the phase difference between SH and FH fields. We want
to investigate the evolution equation of the phase difference as well by using the real part of
equation (4.27)

d Ap(Z) = 0 (Z2)-2 9 (2)
az T 5498 oz %4

=—0+ A@F —2|B(2)||cos(Ap(2)) (4.29)
|B(Z)] ' .
In all coherent systems without a fixed time reference the absolute phase does not matter
and only a phase difference plays a role. Thus we only have three independent real valued
variables A@(Z2),|A(Z)|,|B(Z)|.
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4.5 Phase-matched SHG NLO

We can reduce the number of free variables further by using the energy conservation (4.22)

d (N 2) o
B2 =(Q-B2)F)sin(ap(2))

iA<p(Z):—a+ M—zw(m cos(Ap(2)).
dz |B(Z2)]

(4.30)

We can once more reduce the number of free variables by using the conserved Hamilto-
nian (4.23)

H=0|B(Z)]> - 2|A(Z2)*|B(Z)| cos(Ap(2))
= 0|B(2)I> - 2(Q - IB(2)P)IB(2)| cos(Ap(2)). (4.31)

We can use this result to extract and eliminate sin(A¢(Z)) = /1 - cos?(A@(2)) from equa-
tion (4.30)

H—c|B|2 )2
(4.32)

i|B| = (Q-IBI»)sin(A¢p) = +(Q - |B|2)\/1 - (—
dz 2|BI(Q~|BI?)

Now we transform to the SH power .# = |B|? by multiplying equation (4.32) with 2| B| because
d.s diB|
4’ —2|B|&2!
dz dz

d H-0% \?
— I =+(Q-9),|4F -4F| ——
dz @ )\l (2\/f(Q—y))

= +\/49(Q-9) - (H-0.9). (4.33)

The formal solution can be obtained via integration. Using the initial conditions for given
SH powerat Z=0:.2(0) = %

F(L) L
ds
=+ [ dZ=+L (4.34)
J V4F(Q-9)2—(H-09)? )
0

A practicable solution of equation (4.34) still requires solving the integral and inverting the
resulting function. This finally leads to so-called elliptic functions.

A nonlinear system with N real valued variables requires N — 1 conserved quantities or sym-
metries for an analytical solution. The existence of conserved quantities is essential for an
analytical solution.

4.5 Phase-matched SHG

Now we want to find solutions of (4.34) for the case of complete phase matching (o = 0) and
no SH power at Z =0

|IB(Z =0)|* =%, =0. (4.35)
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4.6 Down conversion (phase matched case) NLO

Looking at the conserved quantities we find that the total energy is Q = |A(Z = 0)|? and the
Hamiltonian is simply zero H = 0 by comparing with (4.23). This simplifies (4.34) dramati-
cally and leads to

Z(L)
_ 4
) 2Q-AVI o
Z(L)
= 1 In \/6+\/E =+L (4.36)
2y/Q \VQ-VF#]lo

Inverting the results gives us the following expression

SH power in phase matched case

#(L) = Qtanh? (\/EL) (4.37)

We conclude that total conversion is only reached for infinity propagation length. The con-
version efficiency n = % depends only on the product \/QL. The required power scales in-
verse to the squared propagation length (see normalization in chapter 4.2).

1, .

0.5 -

SH power .¢

| | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

propagation length in (v/Pjy| xézfgl)_l

Fig. 2: Up-conversion in the phase-matched case.

4.6 Down conversion (phase matched case)

A general property of Hamiltonian systems is the reversibility of their evolution. If SH gen-
eration is possible, as discussed in the previous chapter, also the opposite process called
parametric down conversion should be observed.

We assume the phase-matched case o = 0 and all initial power to be in the SH wave
IB(Z=0)?=%=0Q and |A(Z=0)*>=0. (4.38)
The Hamiltonian (4.23)

H=0|B(Z)|*-2(Q~-|B(2)))|B(Z)|cos(A¢p(Z)) = 0. (4.39)
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4.7 Stability of the second harmonic field NLO

Only the initial value of .# (£ = Q instead of .# = 0) has changed compared with SHG. The
derivation is analogous to section 4.5 but we have changed the initial conditions

1 ln(\/6+\/3)
2y/Q \VQ-Vs

This leads to some problems. The function on the left side of equation (4.40) becomes in-
finity on the lower boundary. The intensity of the SH wave can only deviate from Q, if the
propagation length L tends to infinity. This is consistent with an inversion of the SH process
discussed above. The latter one also needs an infinite propagation length to obtain complete
conversion.

S(L)
=+L. (4.40)

Q

A direct solution of equation (4.36) yields
d
&J:iZ(Q—J)\/yzj(L) =Q. (4.41)

The system can stay in a state with all the power in the SH field and formally requires an
infinite propagation length to obtain noticeable down-conversion.

SH power .¢
=}
9]
T
|

| | | | | | | | | | |
=5 -4 -3 -2 -1 0 1 2 3 4 5

propagation length in (v/Piy| Xézle)‘l

Fig. 3: Down-conversion for the phase-matched case. The down conversion process starts from
quantum fluctuations.

In real systems any small perturbation (e. g. quantum noise) starts the down-conversion pro-
cess after a finite length. In the phase-matched case complete down-conversion is obtained
(inverse behaviour to SHG) and SHG starts (see previous chapter).

4.7 Stability of the second harmonic field

We have already noticed that down-conversion is started by field noise. To investigate that
phenomenon in more detail we perform a stability analysis. We take the results from sec-
tion 4.2
FH: iiA +A*B=0
z (4.42)
SH: i—B-0B+ A®=0.
dz
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4.7 Stability of the second harmonic field NLO

We want to look for stationary solutions By = \/Qe '?Z and Ay = 0 with small fluctuations
0A(Z)and 6 B(Z)

A(Z)=6A(Z)e"'2? and B(Z) = (\/6 + 6B(Z))e‘i‘fz . (4.43)
Then the evolution equations for the small perturbations become

.d o . _
FH: i—-0A+20A+0A (\/6“%)_0

SH: 1153 +5A% =0.
dz

(4.44)

We assume 6 A and 6 B to be small, so that quadratic terms can be neglected. Then the SH
perturbation § B remains 1r1 first order approximation a constant (as long as § A(Z) remains

small). Now we apply (—i+- dz + ) to the first part of (4.44)
0:(—i%+z)[(1diz+ )6A+6A \/_]
d> (o
(dzz ( ) )5A+ \/_[(1—+ )6A]
4an ((d® (02
4 (@+(E) —Q)aA. (4.45)

the general solution of this equation can be expressed in terms of exponential functions

2
SAZ) =6A, exp( Q- (%) z (4.46)

+6A_ exp(— Q- (%)ZZ .

The two coefficients § A, are fixed and determined by the initial fluctuations § A(Z = 0) and
their first derivative

d
—0AZ
ClZé()

- i%éA(Z =0)+iy/Q8A*(Z = 0). (4.47)
Z=0

Now we can use this and the initial conditions

2
SA(Z=0)=8A, +6A_ and dizﬁA(Z —0)=1/0Q- (g] (6A, —6A_] (4.48)

to find an expression for 6 A+

5A, = |1ei—22 lsaz=0)+ i VQ sae (Z=0). (4.49)
2 \/4Q-0o? 4Q - o2

Now we can distinguish two cases:
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4.7 Stability of the second harmonic field NLO

2
a.) SH power is below a threshold Q < (%)

This occurs for amismatched sample (o = £1) only: Q < i. The arguments in the exponential

terms become imaginary
. /1
+6A_ exp(—l 1 —QZ). (4.50)

0A(Z)=0A4 exp(i\ / i -QZ

This leads to an oscillatory behaviour. The initial perturbation is conserved (which is typ-
ical for Hamiltonic systems). We do not observe growth of the SH wave or further down-
conversion. The system is (marginally) stable.

2
b.) SH power is above a threshold Q > (%)

Then the fluctuations will grow exponentially

2 2
SA(Z)=6A, exp|\/Q - (3) Z|+64_exp|-\/Q- (5) z|. 4.51)
2 2
=0 fo;lrarge zZ
Inserting the equation for the coefficients 6 A, we find for large Z
1 o/2 \/6 )2
—+i————|[6A(Z=0)+i————=06A"(Z=0)|exp|[\/Q—-|=| Z]|. (4.52)
s 29 [o-(3]

We observe that this solution is unstable. Also the initial perturbation 6 A and its complex
conjugate 0 A* are amplified (so-called parametric amplifier).

We also want to discuss the case of large SH power with 4Q > ¢ = 1. Then we can approxi-
mate d A(Z) as

1
0A(Z) = 5(5A(Z =0)+i6 A" (Z = 0))e‘/62. (4.53)
The phase of the amplified perturbation for large Z is
Im[6A(Z=0)+i0A*(Z = 0)])
Re[0A(Z =0)+i6 A*(Z =0)]
Im[6A(Z =0)] +Re[0 A(Z = 0)]
Re[0A(Z =0)]+Im[6A(Z = 0)]

@Y= arctan(

b4
= arctan( ) = arctan(l) = 1 (4.54)

This means that after a certain propagation length the phase of the perturbation is fixed and
independent of § A(Z = 0). This means the phase fluctuations (even of quantum origin) are
suppressed which leads to squeezed (non-classical) light.

Lastly we want to mention the critical intensity for down conversion in real world units Q <
1

4
2

A

@
X eff

(4.55)

0)2 _1
074

Iihresh. = (5
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4.8 Visualization of the field dynamics using the Hamiltonian NLO

4.8 Visualization of the field dynamics using the Hamiltonian

We aim for a demonstration of the field dynamics in an intuitive way. We start again with
the conserved quantities, namely the Hamiltonian H given in (4.31) and the total intensity Q
given by (4.22). Then we can find another conserved quantity

H'(o,1Bl, Ag) = H o 'B(Z)'z—z(l—'B(Z)'Z)'B(Z)'COS(M(Z))
’ ’ T 032
Q @ Q Q J,/Q
—y/ =B
H'(0',|B',Ap) = o'|B'[* 21— |B'1))|B'| cos(Agp), (4.56)

where |B'| is the scaled amplitude of the SH field with 0 < |B|" < 1, Ag the phase difference
between SH and FH fields and ¢’ the rescaled mismatch.

The system now evolves along the lines/contours of fixed rescaled Hamiltonian H’. The con-
served direction of motion on each contour line is determined by

d
—Ap(Z)=-0+ (

7 —3|B(Z)|)cos(A<p(Z))

Q
|B(Z)]

LiA(p(Z) =—0'+ (L —3|B'|) cos(Ap(2)) (4.57)
J/Qdz |B/| ' '

We can draw the contour lines for several values of the Hamiltonian H' and different mis-
matches in figure 4.

1t 1t _
o/\C =05
0.8} 0.8t e 4 ! e,
A i \
0.6+ 0.6 s ' 0 2\
, * | - N
04+ 04+ // K 0'0 E 4 [V ',
! | 3 ! Q Y
0.2 02F /[ ¥ :
/ :‘A \
or Of-4r-1--- X FZ,’ A o -
: $ | 18l/Jo ;
-0.2¢ -0.2¢ * \ 5 ;
\ i 1% ’
-0.4} 04 N\ % 4 o 7« S W
' N o
-0.61 -0.6f : A
AL
-0.8¢ -0.8; (BN i
. 104 -"
-1t A T L---nT
I L 1 1 1 L L ! L L
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 4: Contour plots of the scaled Hamiltonian H' for zero mismatch (left) and o’ = 0.5 (right). The
radial coordinate | B'| describes the scaled SH power. For our initial conditions we start at con-
tour lines going through the origin.

For SHG we find a contour line of H' = 0 which starts at the origin (at zero SH power). For a
zero mismatch 4 (left) we see that | B’| approaches 1 (complete conversion) after infinite time.
However, if we introduce a mismatch 4 (right) then the inversion is incomplete, because the
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4.9 Low-depletion-limit NLO

\ §\ N
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N
A
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\

-1

Fig. 5: 3D visualization of the scaled Hamiltonian for zero mismatch (left) and ¢’ = 0.5 (right).

system evolves on a contour line which never reaches the border of |B’| = 1. We observe a
periodic motion corresponding to up- and down-conversion.

If we start outside the origin (e. g. simultaneously inject FH and SH fields), the phase between
SH and FH fields matters. We see a periodic motion around the minimum or maximum of
the scaled Hamiltonian. If we start at one of the extrema of H' we will have a stationary state
consisting of SH and FH fields.

The scaled mismatch o’ = LQ controls the dynamics of the system. Increasing the power

corresponds to a reduction of mismatch.

4.9 Low-depletion-limit

We now want to consider a system with a large mismatch with the unscaled equations (4.12).
We will find a low conversion efficiency, which means that the FH intensity is nearly constant
(undepleted pump approximation). Then

a(z) = v/ Igyg = const. (4.58)

Then we may remove a(z) from the equation of the SH field (4.12) yielding
.d «
SH: i—b=Apb+ y " I = 0. (4.59)

Using the initial condition of no SH intensity b(z = 0) = 0 we find the solution

(2)*

b(z) = _XAefl; Iep(exp(—iABz) - 1). (4.60)
The intensity of the SH wave is then
|X(2)*|2 . APz 2 . APz . APz 2
2 ff 2 = —j2pz Abz
Isy = |b(2))? = Ae,BZ 12, ]ei™ |e %5 _ el
2
(2)%2 12 sin(%ﬁz)

:4|Xeff | IFH A—ﬂ (461)
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4.9 Low-depletion-limit NLO

Isu

distance z in TXAS

1 2 3 4 5 6 7 8 9 10 11 12

Fig. 6: SH power in the undepleted pump approximation with a(z) = const. L describes the oscillation
period of SH-generation.

We observe (figure 6) that the intensity decays quickly with growing mismatch and oscillates
periodically with a period of

Lo 2T ‘ 27 ' B 1 B ArHAsH
IABl | BRw)-2B(w)| |SH _,T'FH | [ Apynsy — 2Asu7rH
Asu  Arn
A
——a— (4.62)
NFH — NSH

where npy, ngy are the refractive indices at FH/SH frequency and Apy, Asy the vacuum wave-
length of the FH/SH wave.

46



5 Diffraction, dispersion and nonlinearities

Now we want to discuss effects of further (transverse) coordinates which leads us to partial
differential equations instead of ODEs. Usually we will find no analytical solutions. However,
we need the transverse coordinates in order to account for diffraction.

5.1 Beam evolution in isotropic Kerr materials

We make several assumptions concerning the field propagation:
* The propagation takes place mainly in z-direction.
* We use a linearly polarized monochromatic electric field.
* The Kerr medium is isotropic: = n(w)%.

We use the evolution equation for nonlinearity driven diffraction that was derived in chap-

ter 3.3 (equation (3.25))
w3 EP* NL
JV,2) = — ] —— P —i . 5.1
a(x,y,z) \/8,38062 B (2) exp(—ifz) (5.1)

The monochromatic field implies that no Third-Harmonic Generation takes place and we
only have to deal with self-phase modulation. Since the electric field is linearly polarized, the
nonlinearity induces a refractive index change An = nyI (I-intensity). Then the nonlinear
induced polarization takes the form

.0 1(62 02)

"9z " 28\0x2 " 0y2

PN (2) ~ mola(x, y, 2)|%a(x, y, 2) exp(ifz). (5.2)

The nonlinearly induced change of the propagation constant is then
w oW
AB = An; =nmla(x,y, )l = (5.3)

Now we can include the effect of the nonlinear polarization as a change of the propagation
constant AS

ia+i(62 a—2)+9n la(x,y,2)*|a(x,y,2) =0 (5.4)
0z 2p ; elals,y, Y, 2) =0 :

@%yz

Now we again perform the normalization process with z = ZpZ,x = WX,y = WpY and
a(x,y,2) =vVhAKX,Y,2)

0 1 Zy ( 8% 0°
( A(X,Y,Z)=0. (5.5)

i—=+= +
0Z 2pwWzlox> oav?

w 2
+—1n2ZpH|A(X, Y, Z)|
c
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5.1 Beam evolution in isotropic Kerr materials NLO

We can now choose the normalization constants in such a way that the prefactors become
one

Z 2nnW?
=1 = Z=pWi= 2
ﬁW() AO
w AO 1 /1() /1() 1 AQ 2
—nmpZolpy=1 = Ip=— = — 5 = . (5.6)
c 21 nplZyg 27 2mnlnpl Wy ninal\27Wy

We see that W is a free scaling parameter, so we choose it e. g. as the initial beam width. This
means that the principal effects we discuss will not depend on the beam width.

Since we chose W) to be the beam width its advantageous to introduce the total beam power

[e.@] [e.0] [e.@] o0
P= /dx/dyla(x,y,z)|2:WOZIO/dX/leA(X, Y, 2)%, (5.7)

ith Py = W2I = — (AO )2 li tit

wi = = —| as anew scaling quantity.
0 070 niny|\2n &4 y

Note that Py only depends on material properties and wavelengths, not the beam width.

Qualitative changes are now to be expected to depend on the beam power in relation to Py,

but not on the beam width, as it can be scaled away.

The final equation we have to solve is a nonlinear 2+1 dimensional SCHRODINGER equation
(NLS)

.0 1 ¢° 0° 5
i—+ ==+ == | t«lAl

0z 5 0X2  0Y2 A=0 with K:Sgn(nz):il. (5.8)

However, this equation has no general solution (not integrable). The nonlinearity creates an
effective potential k|A|?> ~ —V. For x = +1(ny > 0) high intensities correspond to potential
dips.

Conserved quantities

For our further discussions we want to investigate the conserved quantities. We start with
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5.1 Beam evolution in isotropic Kerr materials NLO

the total power P

P:PO/dX/leA(X,Y,Z)IZ

P
d—:PO/dX/dY[A*iA+c.c.
z 0z
—o0 —o0

T ? o ,

7A*£A (A*OA);‘” Jax 2l
0X2 0X )| oo 0X 0X

A+ c.c.)

—00 \-—f—-/o —00
r T PO S
—PO/dX/dY(—Ea—X a—XA—Ea—YA 0YA+1|A| + C.C.
-0 -0
=P oodX oOdy( i 0A2+'|A|4+ )—0 (5.9)
=Py 5|3y 1 c.c.|=0. .

The last part cancels w1th its complex conjugate.

The second conserved quantity is the Hamiltonian which is given by

0A |0Af )
H= [ dX dY — Al ) (5.10)
OX GY ——
self-attraction
klnetlc energy self-repulsion

The second term corresponds to a potential energy since |A|* can be interpreted as a multi-
plication of particle density ~ | Al times Potential ~ | A|2. We can proof that the Hamiltonian
is conserved in a similar way as for the total power.

Second moment

A third quantity we want to introduce is called the second moment defined by

S(2)= /dX / dY (X*+ YHIAX, Y, 2)°. (5.11)
-0
Despite the other quantities the second moment is not conserved. It is a measure of the

beam width (W (2)) = %.

We can use the definition of S(Z) to derive its evolution equation. However, we only want to
mention the result:

2

@S 4H| conserved. (5.12)

In the following we want to distinguish two cases:
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5.1 Beam evolution in isotropic Kerr materials NLO

AA|?

H= | dX [ dY
) / / ( ox
We fulfill this case always for xk = —1(n, < 0). Here n, corresponds to a defocussing nonlin-

earity. The case x = +1 also works for prevailing kinetic energy (e.g. curved phase fronts).
Then we find

OA
6Y

—K|A|4) >

2

d
@S:4H>0. (5.13)

The solutions of this equations are parabolas which diverge for Z — oo

(W(2)) = stz — 00. (5.14)

We can also draw the solutions as done in figure 7.

Zc
Fig. 7: Solutions of the second moment S(Z) for H > 0 (left) and H < 0 (right). Since S(Z) > 0 per
definition, the evolution path is not possible after S(Z) =

AA|?
b.) H= / dx / dy (

0X
This case only works for x = +1(n, > 0). Using the evolution equation of the second moment
we find that the beam will collapse within a finite propagation distance

aA 2
M

—K|A|4) <0

S(Z)=0=>W(Z)=0=|A]*> — oco. (5.15)

The collapse is unphysical because of zero width (paraxial approximation fails) and infinite
intensities (power expansion of PN cannot be stopped after the third order). However, the
evolution is often very well described up to the damage threshold of the material.

Furthermore we want to calculate the critical power for self-focusing for x = 1. We assume
that the initial field has a fixed beam profile f(X,Y) but a varying amplitude: A(X,Y,Z =
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5.2 Pulse evolution in a two-level medium NLO

0) = Apf(X,Y). Then the Hamiltonian can be written as

oo [o.©] 2

0A|> |0A
Hz/dx/dY( x| 37 —|A|4):|A0|2hkin—|A0|4hint (5.16)

2 af
+‘ay

_ 1 of 2 1 A
with  hygn =2 | dX dY(ﬁ )and hine=5 [ dX [ dYIfI

Both Ay, and hiy¢ are only shape dependent. We can easily find the critical power as

hkin

H = | Agl* hyin — | Ag|* hine < 0 for |A0|2>|Acrit|=h .
int

(5.17)
Every beam collapses above a certain (profile dependent) power level. The beam profile
with the minimum power for collapse is called the Townes soliton. It is a metastable (quasi-
stationary) state between spreading and self-focusing. It is cylindrically symmetric, has no
analytical solution and thus must be numerically determined. It looks similar to a Gaussian
profile (except of a simple exponential decay in the tails). Numerically we find Qrownes as

oo oo
QTownes = / dX / dY |AT0wnes(X; Y, Z)lz =5.85043. (5.18)
—00 —00

In real world units, the critical power for collapse would be

Pcritical = QTownes Po = 5.85043

Ao )?

— | . (5.19)

nins| \2n

For fused silica with n = 1.45, n, =2,4-1072° sz and a wavelength of 1o = 800nm we find
Pcritical = 2,8 MW. (5.20)

For a Gaussian profile the critical power is increased by 2 %.

5.2 Pulse evolution in a two-level medium

Lastly we want to consider the pulse evolution in a two-level-system. First we have to make
some assumptions:

* The propagation is entirely in z-direction (no diffraction).

The medium is isotropic: o = n(wp) 2.

The two-level-system is not damped (pulse duration < damping time).

The electric field is linearly polarized.

Group velocity dispersion (GVD) of the background medium can be neglected.
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5.2 Pulse evolution in a two-level medium NLO

The polarization of the two-level medium is

Pz 1) = [PTLS(z, felBoz=wot) | ¢ ¢ (5.21)

real

where P''5(z, 1) is the slowly varying envelope of the polarization of the two-level-system.
The total electric field is

1 .
Ercalz,1) = 5 | E(z, 1)elBoz—wot) | c.c.] (5.22)

t )t ﬁo 2
with Ez, 1) = EPa(z, 1) = P 42D _ppe_ 421 o alz, o).
/< > /600 ,BolEﬁolz |E o] \/ egcn(wg)

The evolution equation for the slowly varying envelope of a pulse is (see (3.36))

2 EPo* 2 _ e
@w_gE a(t,z) = \/MLE%'Z@P (z,0) |e
\/m Iiﬁz; :;2 (P (2, pe!Po=- “’0”) o-ilBoz-wot)
1 Ebo

. 9 62 TLS
= —wg—2iwe == + P (z,1)
vV 8ﬁ06280w0 |Eﬁ0|2 r tz

N Efo* pILS
z, 1). 5.23
8ncso |E/30|2 (z,1) (5.23)

Now we use the evolution equations of the polarization for zero detuning hwy = E,; — Ej
(equations (2.27) and (2.28))

. d e’ X
i P = ——(yplFlya) PEI
¢ (5.24)
ﬂ = LE*PTLS +cC.C
dt  2iAN e

Again we introduce a normalization z= ZyZ,t =Ty T,a(Z,T) = IyA(Z, T) and
EPo

pTLs ;
|EPo]

(z,1) = — PyP(Z,T). (5.25)

Then equation (5.23) becomes

wo .30*
P pz, T 2
AZ,T) = \/’\/8;1050 EPo] Eﬁl oP( )] (5.26)

Inserting all the expressions for P (5.25) and F (5.22) into the evolution equations we

i 6 1 Zo

find

d EPo EPo | 2

i— PPZT [— - AZ,T)|1 5.27

ldT[ IEﬁI 0P( )] Tov/ o {wplFlwa) P 5501\ Zocnt@g) Z,T) (5.27)
dr _ To\/lo| BP0 > [ B
—_— AZ,T) -1 PyP(Z,T)| +c.c.
dT  2iAN | |EPo|\ eocnlwo) | EPo]

(5.28)
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5.2 Pulse evolution in a two-level medium NLO

We choose our scale parameters in such a way, that the constants vanish. This leads us to the
following conditions:

2
(5.26) Z 7 w
2 0 1 0 0

\/ITO 8nceg
.27 To\/To Ne? |< Flya) 2 2 ) (5.29)
- r —_— y .
VoirWal T\ goentan)
529 TO\/TO
Eocn(wo)

Some algebraic rearrangements result in the following solutions for the scale parameters
with p:= [{yplPlya):

Py=1,

)

2nchey .

. 1
P() = Ne,u, T() = — 0= Zh(uo l)gN. (5.30)

ey vga)oN

The final set of normalized equation now looks like

Normalized equations in a two-level-system

d
SpPZ T = A (5.31a)
a * *
37121 = (A P+ APY) (5.31b)
a o
P(Z,T) = (a_z + G—T)A(Z 7). (5.31c)

—_

We use the initial conditions Tlim Pz, T) =0, Tlim A(Z,T) =0 and Tlim Z(Z,T) = -
00 ——00 00
where the system is in the ground state.

We try to find solution using conserved quantities. One of these is

IP2+1%=1 (5.32)
OP  QP* ol

0 2
PI*+1 P*—+P +2I— =P*AI+PA*I+2I ——AP+AP
6T(| i )= oT oT oT ( )

In the following we restrict to real valued solutions for A, P, I which simplifies (5.31b) to

%I(Z N=-AZ,1T)P(ZT). (5.33)

Since (5.32) looks similar to the trigonometric PYTHAGOREAN, we introduce a substitution

. 00(Z,T)
P(Z,T)=sin®(Z,T), I(Z,T)=-cosOZ,T), AZLT)=—-——". (5.34)

oT
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5.2 Pulse evolution in a two-level medium NLO

This inherently fulfils the conservation law | P|>+I? = 1, but also equations (5.31a) and (5.31b).
An evaluation of equation (5.31c) leads us to

0 0)o .
(£+ﬁ)ﬁ®(2, T)=-sin®(Z, T). (5.35)

For further simplification we transform into a moving spatial frame Z = 2Z— T which changes
the derivatives accordingly

Dopl 20 0 (3,000 (P F)
0Z 0Z 0T 0T o7 0Z 0T)oT oT? 072
Using this, equation (5.35) transforms into the Sine-Gordon equation
0° 0° - ~
(@ + W)@(Z, T)=sin®(Z,T) (5.37)

which is actually solvable. We want to briefly state its physical origins:

* Pendulum under the action of gravity:
2

d—@(T) +sin®(7T) =0

dT1?
* Set of coupled pendula under the action of gravity:
d? )
WG(Zi, T)+sin®(Z;, T) = [0(Z;11, T) - 0(Z;, )] + [0(Z;1, T) - O(Z;, T)].
.
~——0(T,Z
352 (T, 2)

The sine-Gordon equation is integrable, however, it requires an infinite number of conserved
quantities. It bears conserved multi-soliton solutions, e. g. first order solitons like

ex (+Z_UT +6)
P V1-12

where 0 < v < 1 is the velocity of the soliton. We observe that the pendula make a full turn
in angular space changing their phase from 0 to 27 (kink, the case of + sign) or from 27 to 0
(anti-kink, the case of - sign). For our description this means that the inversion goes from
-1to +1 and returns to -1. The given solution is displayed in figure 8.

©(Z, T) = 4arctan

) (5.38)
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5.2 Pulse evolution in a two-level medium NLO

.

Fig. 8: Basic single soliton solution, simulated in Mathematica as systems of spring-coupled torsional
pendula, see V.G. Ivancevic and T.T. Ivancevig, JGSP 31(2013) 1-56
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